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Anabelian geometry with etale homotopy types 


ALEXANDER SCHMIDT AND JAKOB STIX 


Abstract — Anabelian geometry with etale homotopy types generalizes in a natural way clas¬ 
sical anabelian geometry with etale fundamental groups. We show that, both in the classical 
and the generalized sense, any point of a smooth variety over a field k which is finitely gener¬ 
ated over Q has a fundamental system of (affine) anabelian Zariski-neighbourhoods. This was 
predicted by Grothendieck in his letter to Faltings [Gr83]. 


1. Introduction 


1.1. Higher anabelian geometry. Grothendieck’s anabelian philosophy [Gr83] predicts the existence 
of a class of anabelian varieties X that are reconstructible from their etale fundamental group 7r®*(A, ai). 
All examples of anabelian varieties known so far are of type A(7r, 1), i.e., their higher etale homotopy 
groups vanish. 

For general varieties X, the homotopy theoretic viewpoint suggests to ask the modified question, 
whether they are reconstructible from their etale homotopy type X^t instead of only ttI*{X,x). For 
varieties X of type K{tt, 1) this makes no difference since then Xet is weakly equivalent to the classifying 
space STrf (A, T). 

Recall that the etale topological type Xgt of a scheme X is an object in pro-ss, the pro-category of 
simplicial sets. Any geometric point x of A defines a point Xet on Aet- If A is locally noetherian, 
the fundamental group 7ri(Aet,Xet) is the usual (in the sense of [SGA3] X §6) etale fundamental group 
7rf‘(A, x) and the higher homotopy groups of Aet are the higher etale homotopy groups of A by definition, 
cf. [AM69], [Fr82]. Isaksen [IsOl] defined a model structure on pro-ss and we denote the associated 
homotopy category by Ho(pro-ss). When considered as an object of Ho(pro-ss), we refer to Aet as the 
etale homotopy type of A. For a pro-simplicial set B, we denote the category of morphisms to B in 
Ho(pro-ss) by Ho(pro-ss) I B. 

In the language of etale homotopy theory, the isomorphism form of Mochizuki’s theorem on anabelian 
geometry of hyperbolic curves [Mo99] can be reformulated as follows (see Theorem 3.2 below for a more 
general version). Recall that a sub-p-adic field is a subfield of a finitely generated extension of Qp. 


Theorem 1.1. Let p he a prime number, k a sub-p-adic field and X and Y smooth hyperbolic curves 
over k. Then the natural map 


is bijective. 


ISOmfc(A,y) -!■ IS0mHo(pro-s5);feet(-’^et,F'et) 


1.2. Main results. The aim of this paper is to prove Theorem 1.2 below, which constitutes a first step 
towards a generalisation of Theorem 1.1 to higher dimensional varieties. 


Theorem 1.2. Let k be a finitely generated field extension of Q, and let X and Y be smooth, geomet¬ 
rically connected varieties over k which can be embedded as locally closed subschemes into a product of 
hyperbolic curves over k. Then the natural map 

(*) ISOm/,;(A, A) ^ ISOmHo(pro-ss)^/Cet (^et: ^t) 

is a split injection with a functorial retraction 

r : IsomHo(pro-ss);feet(^et,F;t) —!■ Isomfe(A, A). 

Theorem 1.2 will be proven in its refined version Theorem 4.7, which makes a more precise statement 
and, in particular, uniquely characterizes a retraction r. It will be this retraction r that we discuss in 
Theorem 1.9 below. Furthermore, Theorem 7.2 provides a version of Theorem 1.2 without the assumption 
of (geometrically) connectedness. 
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We stress the following weakly anabelian statement obtained as a trivial corollary. 

Corollary 1.3. Let k be a finitely generated field extension of Q and let X and Y be smooth, geomet¬ 
rically connected varieties over k which can be embedded as locally closed subschemes into a product of 
hyperbolic curves over k. 

7/Wet — Yet in Ho(pro-ss) f k^t, then X and Y are isomorphic as k-varieties. 

Remarks 1.4. (i) The reason that Theorem 1.2 is formulated for varieties over a finitely generated 
extension field of Q lies in the method of our proof, which uses techniques of Tamagawa [Ta97] 
that we could not generalise to the more general context of sub-p-adic fields. 

(ii) By [Is04b], the functor X i-A Wet from smooth fc-schemes to Ho(pro-ss) f k^t factors through the 
A^-homotopy category of Morel and Voevodsky [MV99]. In particular, it is not faithful. However, 
this does not affect Theorem 1.2 since the schemes occurring there are A^-local. 

For strongly hyperbolic Artin neighbourhoods (see 6.1 for the definition), we can show that (*) 
is a bijection. 

Theorem 1.5. Let X and Y be strongly hyperbolic Artin neighbourhoods over a finitely generated field 
extension fc o/ Q. Then the natural map 

ISOm/„(W, W) y ISOmHo(pro-ss)^/Cet (^et: ^t) 

is bijective. 

We denote by Gk = 7ri(fcet) fcet) the absolute Galois group of the field k with respect to a fixed separable 
algebraic closure k. For a connected variety W over k equipped with a geometric base point x over k/k, 
there is a natural augmentation map 7rf*(W,x) — Gk- We denote by Homcj, (7rf*(W,a;),7r®*(Y,?/)) the 
set of those homomorphisms that are compatible with the augmentation. Further, cr G 7rf*(y).,p) acts by 
composition with the inner automorphism of Trf'(Y,y) given by a, and 

Homgf «(W,i),7rf(y,y)) := Homc^ «(W, t), Trf (F, 

denotes the set of orbits. For geometrically connected and geometrically unibranch varieties, this set 
does not depend on the chosen base points (cf. section 2.2), and we omit them from the notation. Then 
there is a natural map 

Homfc(W,r) ^ HomSl‘ «(W),<(y)), 

which factors through HomHo(pro-ss)^fcet (^et, hl,t), see Corollary 2.5. Since strongly hyperbolic Artin 
neighbourhoods are of type K^n, 1), Theorem 1.5 can be restated in terms of fundamental groups: 

Corollary 1.6. Let X and Y be strongly hyperbolic Artin neighbourhoods over a finitely generated field 
extension k of Then the natural map 

Isomfc(W,r) ^ Isomg*^* «(W),<(y)) 

is bijective. 

We remark that by different techniques Hoshi proves in [Hol4] §3 a statement similar to Corollary 1.6 
but restricted to dimension < 4. Corollary 1.6 implies the following statement predicted by Grothendieck 
in his letter to Faltings [Gr83]: 

Corollary 1.7. Let X be a smooth, geometrically connected variety over a finitely generated field ex¬ 
tension k of Q. Then every point of X has a basis of Zariski-neighbourhoods consisting of anabelian 
varieties, in the sense that k-isomorphisms between any two of these are in bijection with outer Gk- 
isomorphisms of their respective etale fundamental groups. 

The proof of Theorem 1.5, Corollary 1.6 and Corollary 1.7 will be completed in section 6. Finally, in 
Theorem 7.1 we obtain the following absolute version of Theorem 1.2. 

Theorem 1.8. Let k and i be finitely generated extension fields of Q, and let X/k and Yjl be smooth 
geometrically connected varieties which can be embedded as locally closed subschemes into a product of 
hyperbolic curves over k and i, respectively. 

Then the natural map 

ISOmgchemes(^5 ^) t ISOmj^Q^p^Q.ggj (Wgt, let) 

is a split injection with a functorial retraction. Lf X and Y are strongly hyperbolic Artin neighbourhoods, 
it is a bijection. 
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1.3. On the kernel. For general X, we have only partial information about the kernel of the retraction r 
of Theorem 1.2. In order to state our result in the general case, we need the following notation and 
terminology: 

Let 1 —J-TL—J-F—^Ibean exact sequence of groups. We say that (p G Autr(G) is class¬ 
preserving by elements of H if for every g G G there is an G iL such that ip{g) = hgh~^. For a 
smooth, geometrically connected /c-variety X, the question whether some element p G AutQ'^^*^( 7 r®‘(A')) is 
class preserving by elements of 7 rf(X^) does not depend on the chosen base point or representative in 
AutGfc(7rf (A,5)). 

Theorem 1.9. Let k he a finitely generated field extension of Q and let X be a smooth, geometrically 
connected variety over k which can be embedded as a locally closed subscheme into a product of hyperbolic 
curves over k. Let 7 be in the kernel of the retraction map of Theorem 1.2: 

r : AutHo(pro-ss)^A;et (^et) ^ Aut/i;(A). 

Then the induced automorphism 711 ( 7 ) € AutQ“*( 7 ri*(Al)) is class-preserving by elements o/ 7 rf*(X^). 

Theorem 1.9 will be proven in the course of section 5. 

1.4. Outline. Our first goal is to reformulate the results on anabelian geometry of hyperbolic curves 
proven by Mochizuki and Tamagawa in terms of the homotopy category. This change of perspective has 
a big technical advantage: to formulate the result in terms of fundamental groups one has to choose base 
points, and then divide out the ambiguity introduced by this choice. The formulation in the homotopy 
category is intrinsically base point free and more natural. 

To reach this goal, we have to overcome quite a number of technical difficulties. In particular, the 
relation between pointed and unpointed homotopy classes of maps, which is well understood for spaces, 
becomes quite subtle for maps between pro-spaces. For example, there are connected pro-spaces whose 
fundamental group depends on the chosen base point. We have to show that such pathologies do not occur 
for etale homotopy types. Further technical problems are related to the behaviour of etale homotopy 
types under base change and to the existence of classifying spaces for pro-groups. We deal with these 
problems in section 2, developing the necessary theory of pro-spaces in the appendix. Then we prove 
Theorem 1.1 in section 3. 

In section 4 we prove Theorem 1.2, an anabelian principle for varieties which can be embedded 
into a product of hyperbolic curves. Here Mochizuki’s theorem in its homotopy theoretic formulation 
Theorem 1.1 constitutes the first important step. We obtain a scheme morphism, however only to the 
ambient product space. In order to show that the morphism factors through the embedded subvariety, 
we use reductions over finite fields of the given varieties in a systematic way. It is here where we have to 
strengthen the assumption on the base field from sub-p-adic to finitely generated over Q. 

Unfortunately, Theorem 1.2 does not provide a bijection, only an injection with functorial retraction. 
In section 5 we investigate the kernel of this retraction. Of course, we hope that it is trivial. What we 
can show is that elements of the kernel induce class preserving automorphisms of the fundamental group. 
For strongly hyperbolic Artin neighbourhoods, this suffices to show triviality. Since these are of type 
Ar( 7 r, 1), we conclude an anabelian isomorphism result for strongly hyperbolic Artin neighbourhoods in 
terms of fundamental groups in the classical style of formulation. 

The final section 7 provides an absolute version of Theorem 1.2, merging our new result with the 
birational anabelian geometry of the base field. 

Notation and conventions. The set of orbits for a group G acting on a set M is denoted by Mg- 

All schemes considered are separated and locally noetherian. For an S'-scheme X, a base change X x sT 
is denoted by Xt- An immersion of schemes is the composite of an open and a closed immersion, i.e., an 
embedding as a locally closed subscheme. By the phrase etale covering we mean finite etale morphism, 
i.e., revetement etale in the sense of [SGAl]. 

We use the term variety (over k) for a scheme of finite type over the field k. A hyperbolic curve 
over a field A; is a geometrically connected curve G over k with geometrically negative etale Gadic Euler 
characteristic x(G^,Qf) < 0 for ^ G Here k is an algebraic closure of k. 

A pro-object in a category ^ is a contravariant functor J°p —>■ 'ra from some small filtering category 
/ to One often writes a pro-object X in the form X = {Xi)i^j. The pro-objects in 'rf form a category 
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pro-^ by setting 

Hompi.o-<;f(^, 1") = linicolimHom<;j>(Xi,y,). 
j * 

We denote the category of simplicial sets by ss, and by pro-ss its pro-category. Similarly, we use the 
notation ss* and pro-ss* for the category of pointed simplicial sets and its pro-category. We consider the 
closed model structure on pro-ss defined by Isaksen [IsOl] and its pointed variant. We use the word space 
synonymous for simplicial set. For a pointed pro-space (X,x), we have the homotopy groups TTn{X,x), 
which are pro-groups. 

For a given pro-simplicial set B, we denote by Ho(pro-ss) J, B the category of morphisms to B in 
Ho(pro-ss). For a model category ^ we sometimes denote morphisms in Ho(^) by 

HomHo(<^)(X,i") = IX, Y]^. 

The etale topological type Xet of a locally noetherian scheme X is the pro-space obtained by applying the 
functor “connected component” to the filtered system of rigid etale hypercovers of X, see [Fr82]. When 
considered as an object of the homotopy category Ho(pro-ss), we refer to Xet as the etale homotopy type 
of X. A geometric point x : Spec(A') —>■ X defines a point igt on Agt. The etale homotopy groups of 
{X, x) are defined by 

{X, x') — TT*,, (Agt, Jlgt). 

These pro-groups are pro-finite groups if X is noetherian and geometrically unibranch, see [AM69] 
Thm. 11.1. For a field k and a separably closed extension field K/k (given, e.g., by a geometric point of 
a fc-variety), we write 

Gfc = G{klk) = TTf{k,K) = 7ri(fcgt,ifet), 
where k is the separable algebraic closure of k in K. 

2. Basic properties of etale homotopy types 
In this section we collect basic properties of etale homotopy types used in this paper. 

2.1. Etale base change. 

Lemma 2.1. Assume that p : W' W is a finite etale morphism of schemes. Then p^t ■ t Wet is 

a finite covering in pro-ss (cf. section A.l). For any morphism X —>■ W, the natural map 

(X XVE bF')et -5- Xet '^W^t '^'et 

is an isomorphism in pro-ss. 

Proof. Since the functor etale topological type respects connected components, we can assume that W 
and W' are connected and that p is surjective of degree, say d. Since an etale covering of a strictly 
henselian scheme splits completely, the pull-back to W' of a sufficiently small etale neighbourhood of a 
geometric point w oiW has d connected components. Furthermore, the rigid covers of W' obtained by 
rigid pull-back from rigid covers of W are cofinal among all rigid covers of W'. By recursion, the same 
is true for rigid hypercovers. Moreover, among the rigid hypercovers 17, of W those with the property 
that for all n and every connected component Vn of Un, the base change Vn Xw W' has d connected 
components are cofinal. For those U, the map Xyy W') —?> ttq{U,) has the lifting property of the 

definition of a covering in ss (cf. section A.l). This shows the first statement. 

In order to show the second statement, let W" —?► W be a connected etale Galois covering with group 
G = GifW"jW) dominating W' —>■ W and let U G G be the subgroup associated with W'. Then W" 
is an etale G-torsor on W and, in the obvious sense, is a G-torsor on Wet- We conclude that the 
natural map 

(XXw W")et Xet XW,, IL" 

is a map of G-torsors on Aet, hence an isomorphism. The statement for W' instead of W" is obtained 
by forming the orbits of the [/-action on both sides. □ 

We will frequently use the fact that isomorphisms in Ho(pro-ss) between etale homotopy types can be 
base changed along finite etale morphisms. The precise statement is the following lemma. Note that no 
uniqueness assertion is made on the isomorphism 7 ' below. 
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Lemma 2.2. Let W, X, Y be schemes and let f : X ^ W, g ■. Y ^ W he morphisms. Assume that 
there exists 7 S Isomjjo(pro-ss)(^et, Let) such that g^t"/ = fet in Ho(pro-ss). Let W' W he finite etale. 
Then there exists 7 ' € IsomHo(pro-ss) LL')et, [Y VL')et) such that the diagram 


X,t ^ 


7 



{Xxw VL')et -^ WU 

7' 

(F Xv^ TF')et-^ wf. 


commutes in Ho(pro-ss). 

Proof. By Lemma 2.1, a finite etale morphism W W induces a finite covering Wet of pro¬ 
spaces, and the natural map {X x^r W')et —>■ isomorphism. The same argument 

applies to Y and therefore the assertion follows from Proposition A. 6 . □ 

Varieties whose etale homotopy types are isomorphic in Ho(pro-ss) have isomorphic etale cohomology 
groups. A subtle point (due to the non-canonicity of the map 7 ' in Lemma 2.2) is the question whether 
we obtain Gfc-module isomorphisms between the etale cohomology groups of the base changes to k. The 
next proposition gives a positive answer. 

Proposition 2.3. Let X and Y be varieties over a field k and let k be a separable closure ofk. Assume 
there exists an isomorphism Agt = Let in Ho(pro-ss) feet- Then there exist -isomorphisms 

}il,iX-„A)^Rl,iYj,,A) 

for all i > 0 and every abelian group A, which are moreover functorial in A. 

Proof. Let k' run through the finite subextensions of fc in A. The projections X X]^k ^ X induce 

maps in pro-ss 

{X Xfe k)et ((A Xfc k ^ (Vet X ^et)k'(Zk ^ ^ i^et)k'(Zk ' 

Because X is of finite type over k, 7 ro(A x^ k) —>■ 7 ro(A x^ k') is bijective for any sufficiently large 
finite extension k' of k in k. Hence the map a induces a bijection on ttq. Because X is quasi-compact, 
any etale open cover of A Xk k has a finite refinement which is defined over some finite extension k' 
of k. Hence, for any group G, any G-torsor over X Xj-k comes by base change from a G-torsor defined 
over some finite extension k' of k. Moreover, this torsor is essentially unique modulo passage to some 
finite extension fc" of k'. Therefore, for any choice of base point of A x^ k, the homomorphism on tti 
induced by a is an isomorphism. Compatibility of etale cohomology with inverse limits (for systems 
of quasi-compact schemes with affine transition maps) shows that a also yields an isomorphism on the 
cohomology with values in local systems. Hence a is a weak equivalence by the cohomological criterion 
for weak equivalences [IsOl] Prop. 18.4. 

The map /3 is an isomorphism by Lemma 2.1. Finally, the map 7 is an isomorphism for trivial reasons. 
Therefore we obtain G^-isomorphisms 

ff (Aet Xfc^, {K^k'Ck^^) - Xfe fc. A) 

for all i and every abelian group A, which moreover are functorial in A. The same argument applies 
to Y and hence the statement of the proposition follows from Proposition A .6 applied to the covering 

(^et)fc'Cfe/^et- ^ 

2.2. Pointed versus unpointed. We usually consider etale homotopy types of fc-varieties as objects in 
the category of morphisms to fcet in the homotopy category of pro-spaces. A subtle point is the relation 
between morphisms in the pointed and unpointed setting. We deduce from the results of Appendix A.2 
that under suitable assumptions on the varieties this relation is essentially the same as in the classical 
topological situation - at least if the base field k has a strongly center-free absolute Galois group. 

Recall that a pro-finite group is called strongly center-free if every open subgroup has a trivial 
center. Important for our application is that sub-p-adic fields have strongly center-free absolute Galois 
groups by [Mo99] Lemma 15.8. 
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Proposition 2.4. Let X and Y be connected varieties over a field k, and assume that Y is geomet¬ 
rically unibranch and geometrically connected. Let K/k be a separably closed extension field and let 
X : S'pec{K) —>■ X and y : Spec(isr) Y be geometric points (over k). Let k denote the separable closure 
of k in K. 

(a) The map induced by forgetting the base points yields a surjection 

((Xet, aJet): (^t, ?/et)) ^ HoinHo(pro-ss)^fcet (^et, ) ■ (1) 

In particular, if Xet and Y^t are isomorphic in Ho(pro-ss) f feet, then (XetjTet) and are 

isomorphic in Ho(pro-ss*) f {ket,ket)- 

(b) The map (1) factors through the orbit space for the action of ■nf'iY^, y) as defined in sections A.2.3 
and A.2-4 inducing a surjection 

(((Xet, Set)j (^t, ?/et)) j HomHo(pro-ss)^fcet (^et, ) ■ (2) 

(c) If Gk is strongly center-free, then the map (2) is a bijection. 

Proof. By Theorem A.8, Tet and ket are path-connected and their topological fundamental groups are 
the underlying abstract groups of their pro-finite etale fundamental groups. Since Y is geometrically 
connected, wf'fYjy) —)■ 'nf‘(k,K) is surjective. Hence the assumptions of Theorem A. 13 hold with 
{B,b) = {ket, Ket). Let Ax,k be the group defined in Theorem A.13 (a). Since 

7rf(Lfe,j/) = ker(7rf (y,y) ^ 7rf(fc,A:)) 

is a subgroup of Xx,y, the assertions (a) and (b) follow from Theorem A.13. Moreover, in order to prove 
(c), it remains to show that 7 r®*(y'^,i/) = Ax,y. 

Let Sx C Gk = {ket, Ket) be the stabilizer of the map (Xet, Set) —t {ket, Ket) in Ho(pro-ss^) 
with respect to the Gfe-action as defined in section A.2.3. Since by Lemma A. 12 the induced action on 
7r*°’’(A:et, Ket) = Gk is by conjugation, it follows that any g G Sx centralizes the image U of Trf (X, x) —>■ 
Gk. But U is open and thus g lies in the center of the open subgroup {U,g). Because Gk is strongly 
center-free we conclude 5 = 1 , and thus Sx = 1. 

Since by definition Ax,y is the preimage of Sx, the claim Trf^{Yk,y) = Ax,y follows. □ 

We keep the assumptions of Proposition 2.4, in particular, TTf‘{Y,y) is pro-finite. Therefore, any 
homomorphism (p : TTf^{X,x) ‘Kf‘{Y,y) factors through the pro-finite completion 7 rf*(X, a;)'^ of the 
pro-group 7 rf*(X, x). The pro-finite completion 7 r®*(X, x)'^ is the etale fundamental group of X in x in 
the sense of [SGAl], the dependence of the base point of which is well understood. Hence 

Hom^“‘ «(X,x),7rf(y,5)) ;= Homc;, (jrf (X, x), Trf (F, 

is independent of the chosen base points (which we will omit from the notation). There is a natural map 

Homfe(X,y) HomS;^‘«(X),<(y)). 

If Gk is strongly center-free, this map factors through the unpointed homotopy category: 

Corollary 2.5. Let k be a field such that Gk is strongly center-free. Then, under the assumptions of 
Proposition 2.4, the natural map 

HomHo(pro-ss.U(feet.fcet)((^et,Set), {Yet, Vet)) —^ Homc, (jrf (X, x), 7rf (F, j/)) 

induces a map 

Bouttieipro-ssnkJXeuYet) ^ Horng)^* « (X) , < (F) ). 

Proof. We form orbits for the natural 7 rf*(F^, yj-action on both sides and use Lemma A.12. □ 

Keeping the assumptions, we denote by 

Horn-Ket) 

the subset of those 7 such that 711 ( 7 ) G LIomQ')*( 7 rf‘(X), 7 rf*(F)) has open image. We use a similar 
notation in the pointed case. The bijection of Proposition 2.4 respects TTi-open maps, hence we deduce 
the following. 
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Corollary 2.6. Let k be a field such that Gk is strongly center-free. Then, under the assumptions of 
Proposition 2.4, we obtain a bijection 


Xet), (^et, 2/e 


TT TTi-open 


2.3. Varieties of type K{7t,1). We say that a geometrically pointed, connected locally noetherian 
scheme {X, x) is of type K{tt, 1) if (V, x) vanishes for all n> 2. This is equivalent to the statement 
that the classifying morphism 

y i^TTx (Vet, ^et) 

is an isomorphism in Ho(pro-ss*), cf. Appendix A.3. If X is geometrically unibranch, then the question 
whether X is of type K{Tr, 1) does not depend on the chosen base point by Corollary A.ll. 

The following lemma provides basic examples of varieties of type 


Lemma 2.7. 

(a) Let k be a field and let C be a connected smooth curve over k. Lf C is affine or if C has genus 
g{C) > 0, then C is of type K{tt, 1). 

(b) Assume that k has characteristic zero and let Xi, i = l,...,n, be geometrically connected and 
geometrically unibranch varieties over k. Lf all Xi are of type K{tt, 1), then so is their product. 

Proof. For statement (a) see [Sc96] Prop. 15. For the second statement, let V be a connected and 
geometrically unibranch variety over k. Then the cohomological criterion for weak equivalences ( [AM69] , 
Thm. 4.3) shows that X is of type K(tt, 1) if and only if the following holds for any finite abelian group 
A and any integer i > 2: 

For every etale covering V' —/ V and every a G A) there exists an etale covering 

X" —>■ X' such that the restriction of a to X" vanishes. 

In particular, X is of type Kin,!) if and only if V fc is, where k is an algebraic closure of k. 
Hence we may assume that k is algebraically closed (and of characteristic zero). The stated fact that 
Xi Xj, • • • Xfc Xn is of type K{tt, 1), if all Xi are, now easily follows from the fact that {k algebraically 
closed and characteristic zero) 

Trf (Vi Xfc • • • Xfc V„) ^ Ti-f (Vi) X • • • X Trf (V„) 

(see [SGAl], Exp. XIII, Prop. 4.6) and from the Kiinneth-formula for etale cohomology ([SGAd^] (Th. 
finitude). Cor. 1.11). □ 

In characteristic zero, the A'(7r, l)-property is preserved in elementary fibrations. Recall that an 
elementary fibration V —>■ V is the complement in a smooth proper curve V —/ V with geometrically 
connected fibres of a divisor D C X which is finite and etale over Y, and such that the fibres of V —/ P 
are affine curves. 


Proposition 2.8. Let f : X ^ Y be an elementary fibration of smooth varieties over a field k of 
characteristic zero. Lf Y is of type K(tt, 1), then so is X. 


Proof. Choose geometric points x and y of X and Y with y = f{x). By assumption, the schemes X and 
Y and Xy are smooth, in particular, geometrically unibranch. Therefore, by [AM69], Thm. 11.1, their 
etale homotopy types are pro-finite. Let fF = {Y{i))i^i be the inverse system of the pointed (finite) etale 
Galois coverings Y{i) —/ {Y,y) and let ^ = ((V, x) X(Y,y) ^(*))ig/ be its pull-back to {X,x). Then, by 
[Fr82], Thm. 11.5 (with L the set of all prime numbers), we have a long exact sequence 

By Lemma 2.1, the natural maps 

<(.r)^<(v,x), <*(ir)^<(p,y) 

are isomorphisms for n > 2. For n = 1 we have = 1 and the short exact sequence 

1 ^ nfi^) -G nf{X,x) -G <(P,y) ^ 1. 

We therefore obtain the long exact homotopy sequence 

■ ■ ■ Tr^{Y,y) —>■ TT^_^{Xy,x) 

showing the statement of the proposition in view of Lemma 2.7 (a). □ 
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The following lemma shows that morphisms in the homotopy category to products of varieties of type 
K{tt, 1) can be given component-wise. We will use this fact in an essential way in the case of morphisms 
to products of hyperbolic curves. 

Lemma 2.9. Let k be afield of eharaeteristie zero sueh that Gk is strongly center-free. Let X be a variety 
over k and let Yi, Y 2 be geometrically connected, geometrically unibranch varieties of type K{tt, 1) over k. 
Then the natural map 

is bijective. 

Proof. We may assume that X is connected. Let k/k be an algebraic closure and choose geometric points 
of X G X, Pi G Yi over k/k and set y = {yi,y 2 ) G Y = Yi Xfc Since k has characteristic zero, we have 
(^i,fc>yi) X Trf {y 2 ,fc>y 2 ), see [SGAl] Exp. XIII Prop. 4.6, hence 

<(y,y)^7rf(ri,yi)xG. <(^ 2 ,^ 2 ). 

We conclude that for every pro-group tt with augmentation tt -g Gk the natural map 

Homcfc (7r,7rf (y,t/)) —^ HornG^ (tt, Trf (W,yi)) x Home, (tt, 7rf (La, j/ 2 )) 
is bijective. Hence, because Y is also of type K{tt, 1) by Lemma 2.7 (b). Proposition A.16 implies that 

HomHo(pro-ss,)^(fcet.fcet) ((^etj Set)i (Lj,t, j/et)) ^ 

HomjjQ(p,.g,_55^((Wet, Set), (Pl,et, yi,et)) X HomjjQ(p,,Q_55^((Agt, Sgt), (Ya^et, ^2,61 )) 

is bijective. Considering sets of orbits for the 7rf*(P^,j/) = 7r®‘(Yj^ yi) x 7r®*(y2 fei y 2 )-action on both 
sides, we obtain the result by Proposition 2.4. □ 


3. Homotopy theoretic formulation of Mochizuki’s theorem 


For smooth, connected ^-varieties X and Y let 

Homf“(A,y) 

denote the set of dominant fc-morphisms from A to Y". Every dominant morphism X ^ Y defines a 
morphism Agt —t Y^et that is Tii-open. Similarly, for G^-augmented pro-finite groups P and A we let 

Hom°P-(r,A) 

denote the set of continuous Gfe-homomorphisms T —>■ A with open image. Mochizuki proved the 
following: 

Theorem 3.1 ([Mo99] Thm. A). Let p be a prime number, k a sub-p-adic field, X a smooth, connected 
k-variety and Y a smooth hyperbolic curve over k. Then, for any choice of geometric base points, the 
natural map 

Homf“(A,F) ^ Homg>;"«(A,x),7rf 

is bijective. 

We reformulate Theorem 3.1 in the language of homotopy theory as follows. 

Theorem 3.2. Let p be a prime number, k a sub-p-adic field, X a smooth, connected k-variety and Y 
a smooth hyperbolic curve over k. Then the natural map 

Homr (A,y) Hom-;°P-^^^,JAg,,ygO 

is bijective. 

Proof. We choose an algebraic closure k of k, and further choose base points x G X{k) and y G Y{k) 
compatible with the base point k^t of ket- In the commutative diagram 


Homf“(A,r) 


-A Hom^PJ^"« {X,x),'Kf{Y,y))^.t (y_ 

^i(-) 
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the bottom arrow is the inverse to the bijection of Proposition 2.4. The arrow marked 7ri(—) is a bijection 
because hyperbolic curves are of type if(7r, 1) by Lemma 2.7 (a), hence Proposition A.16 applies. The 
restrictions to (7ri-)open maps are compatible. 

Now the claim of the theorem is equivalent to the bijectivity of the top arrow, which is the statement 
of Theorem 3.1. □ 


4. The retraction 


In this section we prove Theorem 1.2. 

4.1. Counting points in closed fibres. We consider a normal noetherian scheme S with geometric 
generic point fj over the generic point rj. Let s G S' be a closed point with finite residue field Fg = k{s) 
of cardinality N{s) = |Fg|, and let s be a geometric point over s. A choice of an etale path between s 
and fj leads to a homomorphism 

Gk(s) = Trf (s, s) -)► 7rf (S, s) = Trf (S, fj), 

by means of which the arithmetic Frobenius ips € Gk(s) ^-cts on 7r®*(S, 77)-modules. 

Proposition 4.1. In the above situation, let I he a prime number invertible on S. Let f : X ^ S 
be a proper, smooth, equidimensional morphism of relative dimension d, and let X C A be the open 
complement of a strict normal crossing divisor D = Ha ^ X relative to S with Da/S smooth 

relative divisors for all a = 1 ,... ,n. 

Then the action on factors through 7 r®*(S, 77 ) for all i >0, and the resulting action 

of ips computes the number of F^-rational points of the fibre Xg by 

2d 

|Ag(Fg)| = Nis)^^ ■ ^(-1)* tr (<pg| Q,)). 

i^O 

Proof. We denote by j : X ^ X the open immersion. For a finite subset J C {1,..., n}, we set 

fj : Dj := Haej A S 

which is proper and smooth. By [IL014], Expose XVI, Cor. 3.1.3, there are isomorphisms for all 6 > 0 

b 

= /\ ij,*Qe(—b)- 

\j\=b 

Therefore all sheaves occurring in the E 2 -page of the Leray spectral sequence for f = fj : X ^ S 
Ef = R“/*(R^j*Q,) ^ 0 R“/j,*QK-5) R“+V*(Q^) 

\j\=b 

are smooth etale sheaves on S by [SGA4i] (Areata V) Thm. 3.1. Hence also the limit terms E((^ 
and, furthermore, all R*/»Qf ar® smooth Q^-sheaves on S. Relative Poincare duality shows that also 
the sheaves K‘f\Qe are smooth sheaves on S. Hence proper base change and cospecialisation yield a 
Gk{s) 7r|*(S', 77)-equivariant isomorphism 

Poincare-duality yields a GK(g)-equivariant perfect pairing 

H*t(Ag,Q^) X Hf-XVg,Q^) ^ Qt{-d), 

and similarly for Xfj, which leads to GK(g)-module isomorphisms 

RldXs,Qi) = Hom(Hf-*(Ag-,Q^),Q,(-d)) ^ Horn (Hf-*(A^,Q,),Q,(-d)) ^ H:t(V,;,Q£). 

The arithmetic Frobenius ips acts by transport of structure on etale cohomology (with compact support) 
as the inverse of the action by the geometric Frobenius Frobg. The Lefschetz trace formula for the 
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number of rational points on Xg therefore implies 

2d 

|X«(F,)| = ^(-l)*tr (Frob.l 
2^0 

2d 2d 

= n{sY ■ (‘^*1 QO) = N{sf ■ (<^.i H:t(x,-,Q,)). □ 

2—0 2—0 

4.2. Factor-dominant embeddings. Let F be a locally closed subscheme in a product of smooth, 
geometrically connected curves Ci over k 

i:Y = Cix ■■■ X Cn- 
We denote the projections by Pi : W Ci- 

Definition 4.2. We say that l is factor-dominant if Pit is dominant for all i = 1, ..., n. 

Assume that Y is geometrically connected and geometrically reduced over k. Then the composition 
PiL : Y ^ Ci is either dominant or constant. If pii is constant, the image of Y in Ci is a fc-rational point. 
Hence we can remove all factors Ci with pii constant from W to obtain a factor-dominant immersion. 

Proposition 4.3. Let p be a prime number and let k be a sub-p-adie field. 

Let i : Y ^ W = Ci x ■ ■ ■ x Cn be a faetor-dominant immersion of a geometrieally eonneeted and 
geometrieally unibraneh variety Y over k into a product of hyperbolic curves Ci and let X be a smooth 
connected variety over k. 

Then, for any iri-open morphism 7 : Aet —>■ Fet in Ho(pro-ss) j, k^t there is a unique morphism of 
k-varieties f : X ^ W such that the following diagram commutes in Ho(pro-ss) j, feet' 



Proof. In the degenerate case n = 0, we have F = Spec(A:) = W and the structure map f : X ^ Spec(fc) 
is the required morphism. Otherwise, by Theorem 3.2, there are unique fc-morphisms f : X ^ Ci, for 
i = 1,... ,n, with 

(/*)et = (PA)et7 

in Ho(pro-ss) I k^t- These together define a fc-morphism / = (/*) : X —?> W. An inductive application of 
Lemma 2.9 shows that /et = tet 7 in Ho(pro-ss) j, ket- The uniqueness of such an / is obvious. □ 

4.3. The key argument. Next we show that the morphism constructed in Proposition 4.3 factors 
through the subvariety F ^ IF if 7 is an isomorphism in Ho(pro-ss). 

Proposition 4.4. Let k be a finitely generated extension field of Q. Let l :Y ^ W = Ci x ■ ■ ■ x Cn be 
a smooth, locally closed subscheme in a product of hyperbolic curves over k, X a smooth variety over k 
and f : X ^ W a k-morphism. 

Assume there exists 7 G IsomHo(pro- 5 s)(Aet, F,t) such that the diagram 



commutes in Ho(pro-ss). Then f factors through l, i.e., there exists a unique morphism g : X ^ Y such 
that the diagram 

X 



F--,- >W 


commutes. 
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Remark 4.5. The first diagram in Proposition 4.4 remains commutative after replacing 7 by g^t, how¬ 
ever, we do not claim that 7 = g^t in Ho(pro-ss). 

Proof of Proposition 4-4- The question whether / factors through Y can be checked after base change 
to an etale covering of W. Note that the assumption on the existence of 7 is preserved by such a base 
change due to Lemma 2.2. 

Since the Ci are hyperbolic, there are hyperbolic curves C' over a common finite separable extension 
k'/k with smooth compactification of genus > 2 and etale coverings C' —)■ Ci x^k' —t Ci. With 
W = Cj Xfc/ ... Xfe/ we base change by the natural product covering W' —t W and replace khy k'. 
We therefore may assume that all Ci have compactifications of genus > 2 and then replace the Ci by 
their smooth compactifications. 

Since k has characteristic 0, we find smooth compactifications X and Y of X and of Y such that the 
boundaries are simple normal crossing divisors and / and t extend to morphisms from X and Y to W. 
Now choose a regular connected scheme S of finite type over Z with function field k such that the whole 
situation extends over S. Then everything follows from Proposition 4.6 below. □ 

Proposition 4.6. Let S be a regular connected scheme of finite type over Z with generic point 77 S S', 
and let Ci —>■ S, for i = 1,... ,n, he proper smooth relative curves with geometrically connected fibres of 
genus > 1 . 

Let L : Y W = Ci Xs ... Xs Cn be a locally closed subscheme which is smooth as an S-scheme, 
and let f : X ^ W be an S-morphism with X/S smooth. Furthermore, assume that X ^ S and P —> S 
have nice relative compactifications as used in Proposition 4 .I, which even map to W. 

Assume there exists 7 € IsomHo(pro-ss)((-^?))et, (Pr;)et) such that {fr])et = (/'r/)et7 in Ho(pro-ss). Then 
f factors through Y: 

X 

3/ 

y" -,- >W. 

Proof. The assertion is trivial in the degenerate case n = 0, since then Y = W = S. We therefore may 
assume n > 1. The morphism / factors through Y if and only if the immersion ix '-Y Xw X ^ X 
an isomorphism. Because X is reduced and lx is an immersion, it suffices to show that ix is surjective 
(on points). Since X is of finite type over Z and therefore Jacobson by [EGA4] Cor. 10.4.6, the map ix 
is surjective if all closed points are in the image. 

By [EGA4] Lem. 10.4.11.1, every closed point of X has a finite residue field. We therefore have to 
show that for every finite field F (more precisely Spec(F) —>■ S) and every point x G X(F) we have 

f(x) e im (6 : y(F) —)• W(F)). 

Let s G S' be the closed point of the base under x. The residue field k(s) is a subfield of F. Hence there 
exists an etale morphism S' —>■ S with S' connected and a point s' G S' mapping to s and with k(s') = F. 
The question whether f(x) lies in the image of i : y(F) —>■ W(F) can be decided after base change along 
S' ^ S. 

We denote by /' : A' —>■ W' and i' : Y' ^ W' the base change of / and i along S' —)■ S. Since the 
function field k' of S' is a finite separable extension of fc = K.[r\), the existence of 7 : {Xrj)et ^ (^r;)et in 
Ho(pro-ss) with {frj)et = (''r/)et 7 in Ho(pro-ss) implies the existence of an isomorphism 

1 ' ■ (Afc'jet —t (Tfc')et 

in Ho(pro-ss) with (/')et = (('(,)et 7 ^ in Ho(pro-ss) by Lemma 2.2. Hence the base change along S' ^ S 
preserves all assumptions and we may assume that k(s) = F without loss of generality. 

Let /(x) = {wi,... ,Wn), Wi G C'i_s(F). Fix a decomposition group Hi of Wi in 7 r®‘(C'i^s) and let ic' be 
another rational point of Ci^g- By [Ta97] Cor. 2.10, the decomposition subgroups in 7r®*(Ci „) of different 
rational points of C^s are not conjugate. Hence we find an open subgroup Ui{w'f) C 7rf^{Ci^s) such that 
Ui{w'f) contains Hi but none of the (conjugate) decomposition groups of w'. Let Ui be the intersection 
of the groups Ui{w'fj, where ui' runs through the finitely many rational points of C^s different from Wi. 
Then the connected etale covering of C^s corresponding to Ui has a rational point over Wi but no rational 
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point lying over any other rational point of Ci^g. Taking the product of these coverings, we find an etale 
covering h : Wg ^ Wg such that 

Hw'm = {fix)}. 

Hence, if the base change = Yg Xw, has an F-rational point, then fix) G YgiF). 

By [Ar69] Thm. 3.1, we can find a Nisnevich neighbourhood (T, t) —>■ (S', s) and an etale covering 
hx : W -G Wt extending h : W'g —>■ Wg. Then, by the same arguments as above, the base change along 
T ^ S preserves our assumptions and we may assume that S = T. 

Let us denote hy X' ^ X (resp. Y' —>■ Y) the induced etale coverings by means of / (resp. t) from 
W —)■ W. We still have an isomorphism 7 ' : (Ar(^)et {y;,) et in Ho(pro-ss) with (/')et = ('-;,)et7' in 
Ho(pro-ss) by Lemma 2.2 and X' —>■ S (resp. Y' —)■ S) keep having a nice relative compactification, 
because the respective etale coverings are induced by an etale covering of the proper scheme W/S. Note 
that because of (/')et = ('•(;)et 7 ^ the morphism 7 ' lies in fact in Ho(pro-ss) | A:'^. 

Let F have q elements and let dx be the relative dimension of X/S, and dy the relative dimension of 
Y/S. Propositions 4.1 and 2.3 show that 

00 00 

|y;(F)| = •^(-irtr((^,|ff(F^,Q,)) =9'^- .^(-lytr ff (X',Q,)) = • |X((F)|. 

2—0 2—0 

Since W'(F) = Xs(F) Xw„(f) bLs(IF) is non-empty, we obtain y/(F) yf 0 . □ 

4.4. Independence, functoriality and retraction. We now complete the proof of Theorem 1.2. We 
state a more precise version of it. 

Theorem 4.7. Let k be a finitely generated field extension of (Q and let X and Y be smooth geometrically 
connected varieties over k which can be embedded as locally closed subschemes into a product of hyperbolic 
curves over k. Then the natural map 

( )et ■ ISOm/„(W, T) y IS 0 mf[Q^p,Q_ss^^^^,. (A^et, Let) 

admits a unique functorial retraction 

r . IsomF[o(pro-ss)^/cet(^et, Let) t Isom/j,(A, T), 

with the following properties: 

(a) Retraction: for all k-isomorphisms g : X Ly Y we have 

ridet) = g- 

(b) Functoriality: Let Z be a further geometrically connected variety over k which can be embedded 
as a locally closed subscheme into a product of hyperbolic curves over k. Then for isomorphisms 
7 i : Aet ^ Let and 72 : Let ^ ^et in Ho(pro-ss) }. k^t we have 

ril2li) = riy2)rili). 

(c) Maps to hyperbolic curves: Lf 7 : Aet ^ L^et is an isomorphism in Ho(pro-ss) }. k^t and h :Y C 
is a dominant k-morphism to a hyperbolic curve C, then 

hetr{'y)et = hetl 

in Ho(pro-ss) { k^t- 

Proof. Let l : Y ^ IT = Ci x ... x be an embedding into a product of hyperbolic curves. After 
removing factors, we can assume that t is factor-dominant. Starting from an isomorphism 

7 : Aet A Ret 

in Ho(pro-ss) { ket, Proposition 4.3 shows the existence of a unique fc-morphism f : X ^ W such that 
/et = iet'l- By Proposition 4.4, the map / factors as / = Lr)^) for a unique fc-morphism 

r(7) : A —>• R. 

This constructs the fc-morphism r( 7 ) of which we will later show that it is an isomorphism. Immediately 
from the construction we deduce 


('-»'(7))et = /et = iet7- 


(3) 
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Denoting the projections by Pi : , we obtain 

hence {piir{'j))et is TTi-open and piLr{'^) : X —)■ Ci is dominant for i = 1 ,... ,n. 

We first prove property (a). Let us assume 'y = get '■ Xet —^ Yet arises from a ^-isomorphism g : X ^ Y. 
By construction, the auxiliary map is f = ig : X —>■ W, which factors through Y as g : X —>■ Y. 
Uniqueness of the auxiliary map and of the factorization shows 

r{get) = g- 

We secondly show that r( 7 ) is independent of the immersion c. Let c' : Y ^ W' = Jj[^- C' be another 
factor-dominant embedding into a product of hyperbolic curves. We obtain from the construction above 
a unique map f' : X ^ W and a factorization g' : X ^ Y. Applying the construction a third time, 
namely to the product ( 6 , i') : Y ^ W x W', yields the map (/, /') : X —>■ W x W' and a further 
factorization h : X ^ Y. Projecting to both factors in (/, /') we deduce g = h = g', and riyy) is indeed 
independent of the chosen immersion t. 

We next show property (b). We choose a factor-dominant embedding lz ■ Z ^ V = Di x ■■■ x Dm 
into a product of hyperbolic curves. It suffices to show that 

Since U is a product of hyperbolic curves and Piizf{l2li) : X —>■ is dominant for all i, Lemma 2.9 

and Theorem 3.2 show that it suffices to prove that 

(tZ?’(727l))et = (iZ?'( 72 )?'( 7 l))et- 

We modify a given factor-dominant immersion l :Y ^ W, to 

ty = ((•, tz?’(72)) -.Y xV. 

We set pr 2 : W x V —>■ V for the second projection. Using (3) we can compute 
((■Z’'(727l))et = (tz)et(727l) = ((''z)et72)7l = (''Z’'(72))et7l 
= (P?’2^y)et7l = (P?'2)et((’y)et7l 

= (pr2)et(tyr(7i))et = (pr2(.yr(7i))et = (tz'r(72)?'(7i))et 

and this shows (a). 

The established retract property (a) and functoriality (b) of r( 7 ) show formally that r( 7 ) is an iso¬ 
morphism: the inverse 7 “^ gives rise to a map which is the inverse of ^( 7 ). 

In order to show property (c), put Ci = C and choose hyperbolic curves (72, ..., Cn together with 
a factor-dominant immersion l : Y ^ W = Ci x ■ ■ ■ x Cn with h = piL. Then, by (3) we have 
tet?'( 7 )et = i-etl and composing with (pi)et yields the result. 

To finish the proof we show the asserted uniqueness of r. Let l :Y ^ W = (7i x • • • x (7„ be a factor- 
dominant immersion into a product of hyperbolic curves, denote the composite with the i-th projection 
by /i : U —>■ Ci, and let 7 : Xet —>■ Let be an isomorphism in Ho(pro-ss) j, ket- Clearly riyy) is uniquely 
determined by tr( 7 ), and even by fir{^) for i = 1,... ,n. This is uniquely determined by Theorem 3.2 
by the map 

{firil))et = fi,etri'y)et = /i.et7 

where we used statement (c). This shows uniqueness of r( 7 ). □ 

Another functoriality property of the retraction r is the following. 

Proposition 4 . 8 . Let X, X', Y and Y' be smooth geometrically connected varieties over k which can 
be embedded as locally closed subschemes into a product of hyperbolic curves. Assume we are given 
dominant k-morphisms f : X' ^ X, g ■. Y' ^ Y and isomorphisms 7^ : X'^, —^ Yf^, 7 : Xet Yet in 
Ho(pro-ss) j, ket such that jfet = Petl'■ Then the following diagram commutes: 
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Proof. Since Y has an embedding into a product of hyperbolic curves, it suffices to show that 

hgr{^') = hr{j)f 

for every dominant morphism h :Y —>■ C to a hyperbolic curve. By Theorem 3.2, it suffices to show that 

^etffet?'(7')et = ^et?’(7)et/et • 

This follows from Theorem 4.7 (c); 

hetgetr{'y')et = {hg)etr{'y')et = {hg)et'y' = hstgetj' = hetjfet = hetr{'y)etfet- □ 

5. Class preservation 

In this section we investigate the kernel of the retraction 

T : Isomfjo(pro-ss)^fcet ^ Isom/,, (^, 4^) 

constructed in the proof of Theorem 4.7. Because the retraction is functorial, we may pass by composing 
7 with (r( 7 )“^)et to the situation where X = Y and r{'y) = idx- Let ip = 711 ( 7 ) ^ T^utg”*(irf*(X)). We 
are going to show that (p is class preserving by elements of 7 rf*(X^.). 

5.1. Preservation of open normal subgroups. For this we first show that is a normal automor¬ 
phism, i.e., every open normal subgroup is mapped by p to itself. Note that the property of being normal 
is independent of the particular representative of ip in Autc,. ( 7 ri*(Ai, t)) . 

Proposition 5.1. Let k be a finitely generated field extension of Q and let X be a smooth geometrically 
connected variety over k with a factor dominant embedding as a locally closed subscheme 

l: X = CiX ■■■ X Cr, 

of a product of hyperbolic curves over k. We assume that the following holds: 

(NR): none of the Ci is rational. 

Then, for 7 S AutHo(pro-ss)^fc.t (^et) ^( 7 ) “ idx, the induced map p = 711 ( 7 ) £ AutQ“*( 7 ii( 7 f)) is 

a normal automorphism. 

Proof. Let N C 7 if*(Ar) be an open normal subgroup. Then also p{N) is an open normal subgroup and 
we want to show that p{N) = N. We denote the connected etale covering of X associated with N by 
Xx. By Lemma 2.1, {Xx)et is the covering pro-space of Aiet associated with N. 

Since r( 7 ) = idx, we deduce from Theorem 4.7 (c) and Lemma 2.9 that in Ho(pro-ss) 

iet7 = '-et- (4) 

By Proposition A.2, there exists an isomorphism 'yx ■ iXx)et —t {X,^(x))et in Ho(pro-ss) such that 

(X^)et -> Xet VFet 


In 


7 


> 

' 


(^^(A))et -> Tfet Wet 

commutes in Ho(pro-ss). In order to show N = p{N), it suffices to find an arrow such that 

Xx -^ W 

X^{N) -^ W 

commutes: indeed, this implies N C p{N), hence N = p{N) since both have the same index in 7rf*(X). 

Since none of the Ci are rational, we can replace the Ci by their smooth compactifications. After this 
replacement, W is the product of smooth proper curves of positive genus. 
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Now we choose a regular connected scheme S of finite type over Z with function field k such that the 
whole situation extends over S, i.e., we obtain the diagram 

By generalized Cebotarev density [Se65], Thm. 7, the dotted arrow exists if and only if the set of closed 
points of which split completely in coincides with the set of closed points of 3^ which split 
completely in We thus have to show that for any finite field F and every x £ ^{¥) there exists 

a point in over x if and only if there exists a point in >^y(Ar)(F) over x. 

This will be deduced as in Proposition 4.6: Let s £ S'(F) be the image of x in S. We denote the fibre 
of W over s by Wg- As in the proof of Proposition 4.6, we may first assume that k{s) = F, and secondly 
we can choose a connected etale covering h : Wg —>■ Wg of l{x) £ Wg such that h(Ws(F)) = {t(a:)}. 
After replacing S' by a Nisnevich neighbourhood of s £ S, we can lift h : Wg —>■ Wg to an etale covering 

W w. 

Denote the fibre products by 

= = jGv ir', ir'. 

Applying Lemma 2.2 to the commutative diagram (5), we conclude that the etale homotopy types of the 
generic fibres X'j^ and of 33!^ and isomorphic in Ho(pro-ss) | feet- As in the proof of 

Proposition 4.6 we deduce that 

jr^(F) ^ 0 S-;(^)(F) ^ 0. 

By the choice of W, any point of ^^{¥) and of maps to a; £ ^(F). Summing up, we deduce 

that the following statements are equivalent: 

(a) there is a point in over x, 

(b) there is a point in over x, 

(c) ^^(F) ^ 0 , 

(d) ^;(^)(F)^ 0 , 

(e) there is a point in over x, 

(f) there is a point in >^^(Ar)(F) over x. □ 

5.2. Preservation of decomposition groups in finite quotients. In order to talk about open sub¬ 
groups (and not only about open subgroups up to conjugation), we now rigidify the situation. Let k be 

an algebraic closure of k, and let x : Spec(fc) —>■ X be a geometric point of X. Let 70 be a preimage of 7 

under the surjection of Proposition 2.4 

(Aet, Set) ^ Autjjo(p|.o_ss)^/j^j (Aet), 

i.e., 7 o is determined by 7 up to the natural 7 rf(A^, S)-action. Let = 7 ri( 7 o) £ Autc^^ ( 7 rf(A, S)). Then 
ip is determined by 7 up to an inner automorphism of 7 r|* (A, x) given by an element of its subgroup 
<(A^,S). 

Lemma 5.2. Under the assumptions of Proposition 5.1, the automorphism ip : 7 r®*(A,S) —>■ 7 rf*(A,S) 
sends every element g £ 7ri(A, S) to a conjugate element raised to a power: 

ifig) = hgg^(<^^h-^ 

with hg £ 7 r®*(A, S) and m{g) £ ZU . 

Proof. Let again N C 7 r®*(A, S) be an open normal subgroup. We have shown that ip{N) = N, hence 
ip induces an automorphism of G = 7 r®*(A, S)/A. Again we choose a regular connected scheme S of 
finite type over Z with function field k such that the whole situation extends over S, i.e., we obtain a 
Galois covering 


with Galois group G. 


3Un ^ 
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Let 5 S G be an arbitrary element. Our next goal is to show that (p{g) is some power of some conjugate 
of g. For this consider the subgroup H = (g) C G. By Cebotarev density, we can find a closed point 
P G ^ and a closed point P' € above P such that g is the Frobenius of P' in G = Ant{^N/^)- 
Let Ph be the image of P' in the subextension associated with H. Then Ph has the same residue 
field as P: k{Pff) = k{P). The same argument as above shows that there is some point Qh G 
above P with k^Q^) = k{P). Hence (p{H) contains the decomposition group Gqi{^SP]<s j of some 
(any) point Q' G over Qh- Since both groups have the same order, they agree. 

The group Gq\3Ph j3P') is generated by another Frobenius over P, i.e., for some ft, S G by the 
conjugate hgh~^ of g. We obtain 

{‘fig)) = f{H) = (ft^ft"^), 

hence 

fig) = hg'^h~^ 

for some m G . 

Now the assertion follows from the usual compactness argument as follows. Let g G ■ni{X,x) be 
an arbitrary element. For an open normal subgroup N C 'Ki[X,x) we denote the image of in G = 
‘KiiX,x)/N by gN- The automorphism of G induced by ip will be denoted hy ip m- The closed subset 

Mn = {(ft,m) e TTiiX.x) X I (pnigN) = ftjv(5Ar)'"ftw^} C ni{X,x) x Z^ 

is non-empty by the Cebotarev density argument above. If iVi C N 2 are two open normal subgroups, 
then Mhi C ■ By compactness also the intersection of all Mh is non-empty. Any 

{hg,m{g)) G f]MN C 7Ti{X,x) x 
N 

serves as hg and 771 ( 5 ) as in the lemma. □ 

Since is a Gfe-automorphism, we can show that the exponent 777 ( 5 ) is always 1: 

Proposition 5.3. Under the assumptions of Proposition 5.1, the automorphism ip : 7r®*(A,ir) -G 
Trf‘{X,x) is class preserving: every element is mapped to a conjugate element. 

Proof. The cyclic cyclotomic extension of k induces a surjection 

7r®‘(A, a;) —)• Gfc —>■ Z 

that is preserved by p. Therefore 777 ( 5 ) = 1 holds for elements whose images in Z generate an open 
subgroup. This is a dense set of elements in TTf‘{X,x) because it contains the preimage of Z. 

This means that in every finite quotient we may choose the exponent equal to 1. Applying the 
compactness argument again, we conclude the statement. □ 

5.3. Rational hyperbolic factors. We now want to drop the hypothesis (NR) (one of the assumptions 
of Proposition 5.1) from Proposition 5.3. 

We introduce the following notation: let fc be a field, X a connected variety over k and i a prime 
number. We say a connected pointed etale covering ft : (A', t') -G {X, x) is Ggeometric if the action of 
7rf*(A^,3;) on the geometric fibre h~^(x) factors through a finite f-group. 

If ift = TTf‘{X',x') C 7ri(A, a;) is the corresponding open subgroup, H = H rnTf‘{Xj.,x) and N is 
the maximal normal subgroup of 7r®*(A^,x) contained in H, then being Ggeometric is equivalent to 
Trf‘{Xi,,x)/N being an Ggroup. 

Lemma 5.4. Let k be a field, i a prime number ^ char{k), and let (G, c) be a geometrically pointed 
hyperbolic curve over k. Then 

<(G,c)=U H, 

where H runs through the open subgroups of Tr’f'(G,c) such that the associated covering Gh -G C is 
Ugeometric and Gh has a smooth compactification of genus > 1. 

Proof. Let cr G 7rf*(G, c) be arbitrary. We have to find an open subgroup P C 7rf‘(G, c) with a G H such 
that Gh is not rational and Gh —t G is Ggeometric. For this we may assume that k is perfect (replace k 
by its perfect hull). Furthermore, we can replace k by an algebraic extension field such that (cr) surjects 
onto Gfe. Then, for any H containing cr, the curve Gh is geometrically connected over k. 
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For any open subgroup H C Trf‘{C,c) we denote the boundary of a smooth compactification of Ch 
by Sh, for simplicity, we write S = 5',^^(c,e)- 

We denote the genus (of a smooth compactification of) C by g{C). If g{C) > 0 we are done, so 
assume that C is rational. By the hyperbolicity assumption, we have n := ^S(k) > 3, where k denotes 
an algebraic closure of k. 

We set N = irf {C ^, c). The group 

G = N/[N, N]N^ 

is the Galois group of the maximal elementary abelian ^-covering of Cj.. Since is isomorphic to the 
complement of n closed points in Pl, this group is an (n— l)-dimensional vector space and the inertia 
groups in G of the points in S{k) are pairwise distinct. Now we consider 

H = {[N,N]N\a), 

which is an open subgroup of 7 rf* (C, c). The curve Gh is geometrically connected over k and G^ k ^ Cj. 
is the elementary abelian ^-covering associated to the quotient G G/{{a)C\N). In particular, Gh —>■ C 
is ^geometric. 

Let uh = #SH{k), and let d be the degree of Cn^k ^k^ so d> ji > i. The structure of inertia 
groups in G implies, because (a) HN is cyclic, that all but at most one of the points in S{k) are ramified 
in Gn^k ^k- This shows 

nn < - 1) + d. (6) 

By the Riemann-Hurwitz formula, the Euler-Poincare characteristic is multiplicative in etale coverings 
which are at most tamely ramified along the boundary of a smooth compactification. Hence we obtain 

2g{GH) +nH-2 = d- {2g{G) + n - 2) = d ■ {n - 2). (7) 

If giCn) > 0 we are done. Otherwise, (7) shows uh > d{n — 2) + 2>t' + 2>4. Replacing G by Ch, 
we thus can assume that n > 4. Repeating this step, we either obtain gi^Cn) > 0, or giCn) = 0, and 
uh > d{n — 2) + 2 > 2i + 2 > 6. We may therefore assume n > 6, and in this case (6) and (7) imply 

2g{CH) - 2 = d{n - 2) - UH > d{n - 2 ) - j{n - 1) - d = j ■ [{i - l)(n - 3) - 2 ) > 1 , 

showing that Ch is not rational. □ 

Proposition 5.5. Let k be a finitely generated field extension of Q and let X be a smooth geometrieally 
eonnected variety over k which can be embedded as a locally closed subscheme of a product of hyperbolic 
curves over k. 

Then, for 7 G AutHo(pro-ss)^fc.t (^et) with r{'f) = idx, the induced map Lp = 7 ri( 7 ) G AutQ')*( 7 ri(W)) is 
class preserving. 

Proof. Let l : X ^ W = Ci Xk ■ ■ ■ Xk Cn he a factor-dominant embedding into a product of hyperbolic 
curves over k. We choose a geometric point x of X, and put w = b{x). Let cr G tti{X,x) be arbitrary. 

If none of the Ci is rational, everything follows from Proposition 5.3. Assume that one of the Ci, say 
Cl, is rational. Put ci = Pi{w) and let N be the maximal normal subgroup of 7 r®*(Ci,Ci) contained in 
the image of 7 r®*(A, x) (which is open by assumption). We choose a prime number £ > ( 7 r®*(Ci, ci) : N). 
Lemma 5.4 provides an Cgeometric connected etale covering (C(,Ci) —>■ (Ci,ci) such that 7rf‘{pii,){a) G 
7 rf‘(C(,Ci) and C( has positive genus. Let k' be the constant field of C[. Then 

X' = X XCi c[ = Xk' Xc^ y C[ = Xk’ (Cl Xfc' C 2 ,k' Xk' ■ ■ ■ Xk' Cn,k>) 

is geometrically connected over k'. Proceeding recursively, we find a finite connected etale covering 
{W',w') -G {W,w) such that 

(a) W = C[xk' ■ ■ ■XkiC',^, where k' is a finite extension field of k, and the C' are smooth geometrically 
connected curves over k' with compactifications of genus > 1 , 

(b) X' = X Xw W is geometrically connected over k', 

(c) a G xfiX',x'), where x' := {x,w'). 
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Let l' ■. X' ^ W' be the immersion induced by t. By Lemma 2.2, there exists 7' G AutHo(pro-ss) (-^et) 
such that the diagram 


^et <- X't > w:, 


1 


X- 

/ 


^et <- > Kt 


commutes in Ho(pro-ss). By Theorem A.10, we can lift 7 to 70 G AutHo(pro- 5 s )(A^etja;et) and 7 ' to 
7 g G AutHo(pro-ss.)(Aiet) ^et)) there exists an element r G 7rf*(X,x) with 

<( 7 o)(a)=r<( 7 ^)(a)r-b 

Furthermore, by Proposition 5.3, there exists r' G 7rf(X',x') with 7rf*(jQ)(cr) = t' aT'~^. Hence 
7 r®*( 7 o)(fT) is a conjugate of cr. This completes the proof. □ 

In order to complete the proof of Theorem 1.9, it remains to show that ip is class preserving by 
elements of 7 rf*(X^). Since for every finite extension k' of k in k, the arguments above also apply to the 
automorphism ip' of 7 r®‘(Xfe/) induced by ip, this follows from the next lemma. 

Lemma 5.6. Let 

1 — >G — >G^r —^ 1 

be an exact sequence of pro-finite groups and let ip G Autr(G). Assume that for every open subgroup 
r' C T the induced automorphism if' G Autr'(p~^(r')) is class preserving. Then ip is class preserving by 
elements of G. 

Proof. Let x G G he arbitrary. We consider the closed subgroup H = C G generated by x and G. 
Since G is normal, the image of in T is the cyclic group generated by the image of x. 

For every open subgroup U C G with H C U the set 

Gu,x = {u gU \ ip{x) = uxu~"'} 
is nonempty and compact. Hence also the set 

Gh,x = {hG H \ ip{x) = hxh^'^} = Pi Gu,x 

HCU 

is nonempty and therefore if{x) = hxh~^ for some h G H. The element h G H can be written as h = gx'" 
with g G G and m G'it. We obtain 

ip{x) = {gx^)x{gx''^)-^ =gxg-^. □ 

6. Strongly hyperbolic Artin neighbourhoods 
In this section we prove Theorem 1.5. 

Definition 6.1. A strongly hyperbolic Artin neighbourhood is a smooth variety X over k such that 
there exists a sequence of morphisms 

X = Xn^ Xn-l -G -^ ^ Xo = Spec(fc) 

such that for all i 

(i) the morphism Xi -G W-i is an elementary fibration into hyperbolic curves, and 

(ii) Xi admits an embedding Xi ^ Wi into a product of hyperbolic curves. 

Prominent examples of strongly hyperbolic Artin neighbourhoods are the moduli spaces .^o,n of curves 
of genus 0 with n marked points for n > 4. The tower of elementary fibrations is the one by forgetting 
one marked point after the other, and the embedding into a product of hyperbolic curves comes from 
forgetting all marked points except for 4 in all possible ways. 

A recursive application of Proposition 2.8 shows that strongly hyperbolic Artin neighbourhoods over 
fields of characteristic zero are of type K{tt, 1 ). 

Theorem 6.2. Let k be a finitely generated field extension of Q and let X be a strongly hyperbolic Artin 
neighbourhood over k. 

Let 7 G AutHo(pro-ss)^fcet (A^et) be an automorphism with r{'y) = idx. Then 7 = idx,,f 
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Proof. We choose a geometric point x oi X lying over the generic point. By Proposition 2.4, there is a lift 
70 G AutHo(pro-ss.);(fcet,feet)("^et, Xet) of 7. Let (po = 7ri(7o). Since Xet is of type K{Tr, 1), it suffices to show 
that ipo is an inner automorphism of ■nf‘{X,x) induced by an element of 7rf*(X^,a:). By Theorem 1.9, 
(/jQ is class-preserving by elements of ■Kf‘{X^,x). 

We prove the theorem by induction on the dimension of X. The case dim X = 0 is trivial, hence we 
may assume dimX > 1. Let f : X ^ Y he the final fibration step, i.e., an elementary fibration into 
hyperbolic curves with Y again a strongly hyperbolic Artin neighbourhood. By induction, the theorem 
holds for Y. Let y = f{x). Since the higher homotopy groups of Y vanish, the long exact homotopy 
sequence [Fr82] Thm. 11.5, provides the exact sequence 

1 —^ TT^^[Xy,x) —> 7r®*(A,a;) —> 7r®*(Y,y) —> 1. 

Because (po is class preserving, it preserves the normal subgroup A = Trf‘{Xy,x) and induces a Gk- 
automorphism 

V'o : T^T{Y,y) 7rf (y,y). 

Since Y is of type K{Tr,l), there is an element i5o G AutjjQ(p,.o_55 yet) corresponding to ipo- 

We denote by 5 G AutHo(pro-ss)^fcet (^et) underlying morphism of do and hy p = 7r®*(7) the outer group 
homomorphism lying under po- 

We have Sf^t = /et7, and by Proposition 4.8, we obtain 

fr{5) = r{y)f = f. 

Hence r{S) = idy and, by induction, 6 = idy^^. Therefore ipo = ^i(^o) is an inner automorphism of 
7r®*(y, y) given by an element of 7ri(y’^, y). After composing ipo with a suitable inner automorphism given 
by an element of 7r®*(A^,a;), we may assume that ipo = id. 

Let 77 G P be the generic point with residue field K = K{r]), the function field of Y. The base change 
Xk = X Xy r] is a, hyperbolic curve over K and we obtain the following diagram with exact rows 

1 ^ A ^ Trf (Ak,x) -> Gk -> 1 

1 ^ A ^ <(A,x) ^ <(P,y) ^ 1. 

In particular, the right square is a fibre square. Since we have arranged that the automorphism po 
induces the identity on 7rf*(P, y), we may lift it as 

Prifi = (v^o, id) : TTf{XK,x) 7rf (Ak,x). 

Now we use anabelian geometry of hyperbolic curves [Mo99], Thm. A. Since with k also K is finitely gen¬ 
erated over Q, the outer isomorphism py underlying prifi comes from geometry: there is a iF-isomorphism 

9rj ■ Xk —>■ Xk 

with (py = ’^Tig-n)- Since A —> P is an elementary fibration in hyperbolic curves, the Isom-scheme 

Isom (A/P A/P) ^ P 

is finite and unramified by [DM69] Thm. 1.11. Therefore the point 

Glsom(A/PA/P)(A) 

extends uniquely to a point 

5 Glsqm(A/P,A/P)(P), 

in other words a P-isomorphism g : X —>■ X. Since 7rf*(A/f,a:) —)■ 7r®*(A,i) is surjective, it follows that 
^i*(y) = Pt hence 

9et = 7 

in Ho(pro-ss) f feet- This implies g = r{get) = r{y) = idx, and therefore 7 = ffet = idx^t- ^ 

Proof of Theorem 1.5 and Corollary 1.6. Let A and P be strongly hyperbolic Artin neighbourhoods over 
a finitely generated field extension k of Q. In order to prove Theorem 1.5, it suffices to show that the 
retraction r of Theorem 1.2 is an inverse to the map / 1 —>■ fet 

Isom7i,(A, P) y IsomHo(pro-ss)^fcet(Alet; L^t)- 
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For that it suffices to show that r is injective. Let a,/3 S IsomHo(pro-ss)^feet Lj.t) with r(a) = r(/3). 
Then r{'y) = idx for 7 = j5~^ o a, which implies 7 = idx^t by Theorem 6.2, hence a = (3. This proves 
Theorem 1.5. 

Next we choose any geometric base points a: of X and y of Y. Since {Yet, Vet) and {ket, feet) are of type 
K{tt, 1), Proposition A.16 shows that the map 

HomHo(pro-ss.U(fcet.fcet) ((^et,Set), {Yet,Vet)) ^ Homc, (jrf (X, x) , Tjf (X, j/)) . 

is bijective. This map is equivariant with respect to the action by 7 rf*(X^, y) = yet) on the left 

hand side and composition by conjugation on the right hand side, see Lemma A.12. By Proposition 2.4, 
the induced map on orbits restricted to isomorphisms is the bijection 

IsomHo(pro-ss);fcet(^et,Let) ^ Isomgf (jrf (X), Trf (X)). 

We conclude that Corollary 1.6 is equivalent to Theorem 1.5. □ 

Finally, Corollary 1.7 follows from the next lemma. 

Lemma 6.3. Every point of a smooth, geometrically connected variety over an infinite perfect field k 
has a fundamental system of Zariski-open strongly hyperbolic Artin neighbourhoods. 

Proof. Since the assumptions of Lemma 6.3 carry over to open subschemes, it suffices to show that every 
point has a strongly hyperbolic Artin neighbourhood. We proceed by induction on the dimension of X. 
Let a G X be a point, which we may assume to be closed. We shrink X to an affine open neighbourhood 
of a so that X becomes quasi-projective, say X ^ P" is an immersion. Let xq, ... ,Xn be homogeneous 
linear coordinates on P”. Since k is infinite, we can move X via PGL„+i(fc) such that a does not meet 
the union H of all the hyperplanes Xi = 0, and Xi = Xq for all i ^ 0. So X \ iJ can be embedded into a 
product of hyperbolic curves 

X \ 77 -A P” \ FT = (P^ \ {0,1, (X)})". 

We may replace X by X \ 77 to simplify notation. 

We now argue along the lines of [SGA4] XI 3.3, which is formulated over an algebraically closed field 
and applies without changes to an infinite perfect field and a rational point a G X. As in loc. cit., we 
choose a projective compactification X C X C P(X) such that X is normal (hence geometrically normal, 
since k is perfect), X is a vector space of dimension n + 1 , and the restriction 0 ( 1 )is the r-th multiple 
of an ample line bundle on X for some r > 2. 

Let d be the dimension of X. We consider for every linear subspace W CV oi dimension d the linear 
projection P(X) V{W), which is defined outside the linear subspace 

Arv = {t S P(17) ; x{w) = 0 for all w e W} 

of codimension d. Blowing-up Aw as aw ■ Pw —> lP(f^)i we obtain a morphism xw '. Pw P( 1 T). 

Now we vary W in the Grassmannian Grassy (X) of c7-dimensional subspaces of V: Let 

W CV x Grassd(X) 

be the universal subspace. We obtain the projection xyp : P-^/ —>■ P(/^), where P(l^) is the projective 
space relative GrasSdiV). Let be the closure of 

:= X X GrasSd(X) \ 

in so that we obtain the diagram 

JX' ,, 

¥{W). 

As is shown in [SGA4] XI 3.3, there is a non-empty Zariski-open XV V V{W) such that the base change 
of this diagram to XV is an elementary fibration. Since X embeds into the product of hyperbolic curves, 
it is moreover an elementary fibration into hyperbolic curves. For every closed point W € Grassy(X), let 
Sw C P(IX) be the preimage of P(tX) under the projection —>■ P(V^). Note that Sw is non-empty 

and open in P(1X) for IX in an open and non-empty subscheme of Grassy (X), namely the image of Xw 
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under the open map P(W) —> Grassd(y). For those W, the base change to S]^ yields an elementary 
fibration 

Uw '-^ Gu/ 

fw 

Sw- 

It therefore remains to show that every closed point a of X is contained in Uw C X for some W defined 
over k. Indeed, by induction we find a strongly hyperbolic Artin neighbourhood Un-i of /w(a) in Sw- 
Replacing Uw by Un = fw {Un-i), we are done. 

The condition that a G Uw is an open condition on bF G Grassy (R). Choosing a geometric point a 
above a G X, we deduce from [SGA4] XI 3.3 that there is a Wq G GiasSd{V){k) defined over the algebraic 
closure k of k, such that a G Uwo- Hence there is an open Hd C GrasS(j(H) fc where a G Uw for all 
W G Hd- Since Grassy(H) is irreducible, the intersection of all Galois conjugates of Hd is a non-empty 
open H C GrasSd(H) defined over k. Since k is infinite and Grassy(G) is a rational variety, we find a 
/c-rational point W £ H. For this particular choice we have G C Hd, hence d G Uw^.- But since 
is defined over k, we finally have Uw C X an open that contains d. But then also a G Uw, and by 
the above that concludes the induction step of the proof by induction on the dimension. □ 

7. An absolute version of the main result 

Using the main theorem of birational anabelian geometry proven by F. Pop [Pop94], [Pop97], we can 
derive the following absolute version of Theorem 1.2. 

Theorem 7.1. Let k and I be finitely generated extension fields of Q, and let X/k and Yji be smooth 
geometrically connected varieties which can be embedded as locally closed subschemes into a product of 
hyperbolic curves over k and i, respectively. 

Then the natural map 

ISOmSchemes(X, U) V IsOmjjQfp,Q_ssJ (Xet, let) 

is a split injection with a functorial retraction r. If X and Y are strongly hyperbolic Artin neighbourhoods, 
it is a bijection. 

Proof. For the geometrically connected variety X/k, the field k is uniquely determined as the maximal 
subfield of H°(X, Ojf), see [Ta97] Lem. 4.2. In particular, every isomorphism of schemes f : X ^ Y 
restricts to an isomorphism fc : Spec(fc) —> Spec(.£). The assignment / >—t /c defines a functorial map 

ISOmSchemes(X, Y) IsOmSchernes (Spec(/c) , Spec(£) ) . 

Let 7 : Xet —>■ Fit be an isomorphism. We choose separable closures k/k, i/i, a geometric /c-point 
X : Spec(fc) —)■ X and a geometric Gpoint y : Spec(£) —)■ Y. By Theorem A.10, we conclude that 7 lifts 
to an isomorphism 

To • (A0t,Xet) t (YQ^,yQ^,^ 

in Ho(pro-ss„.) unique up to monodromy action by 7r*°^(yet) yet) = '^TiY,y). In particular, we obtain an 
isomorphism 

7^1(70) : 7 rf(X,x) AF Trf (Fy). 

Because k is Hilbertian, Gk has no nontrivial finitely generated closed normal subgroups by [FJ08] 
Prop. 16.11.6. Since 

7 rf (Xfe,i) = ker (Trf (X,x) — Gk) 

is finitely generated by [SGA7] Exp. II Thm. 2.3.1, Gk is the quotient of 7 r®‘(X, x) by its maximal finitely 
generated normal subgroup. The same is true for as a quotient TTf‘{Y,y) —>■ G(. Hence 711 ( 70 ) induces 
an isomorphism ipc : Gk —t G^ such that the following diagram commutes: 
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The assignment 7 i—)■ induces a functorial map 

IS 0 mjjQ^p,.Q_ 55 j y Isom ~ I®OHljjQ^pro-ss)(^et; ^et); 

where the right hand isomorphism follows from Proposition A.16 and Theorem A.10, and determines an 
isomorphism 7c : k^t (-et in Ho(pro-ss) with (pc = as outer isomorphisms. 

These two constructions are compatible and yield the commutative diagram (independent of the 
choices involved) 

ISOmgchenies (A, P) y ISOmj[o(pro-ss) (Aet, ) 

(_) ^ 

ISOmgchemes (Spec(fc) , Spec(£)) — y ISOmj[o(pro-ss) (^et, ^et), 

Moreover, by the main theorem of birational anabelian geometry [Pop94],[Pop97], the bottom arrow is 
a bijection. 

In order to prove the theorem, we may therefore fix an isomorphism g : Spec(^) —> Spec(fc) and restrict 
to isomorphisms / and 7 which induce fc = 9 and 7 c = get- We denote these sets of isomorphisms by 
Isomg(A,y) and Isomg^^(Aet,Pet)- We set 

Y' = Y xipecW Spec(fc). 

Then the statement of the theorem follows by applying Theorem 1.2 and Theorem 1.5 to the bottom 
arrow of the commutative diagram 

Isomg(A,y) -> Isomg^^(Aet,yet) 

ISOmfc(A,y') IsOmHo(pro-ss)ifcet(Aet, Pet)- 


□ 


We are now able to relax the geometric connectivity assumptions in Theorem 1.2. 

Theorem 7.2. Let k be a finitely generated extension field of Q, and let X and Y be smooth varieties 
over k such that each connected component can be embedded as a locally closed subscheme into a product 
of hyperbolic curves over the respective field of constants. 

Then the natural map 

ISOm/i;(A, y) y ISOmp[o(pro-ss)^/Cet(Aet 7 pet) 

is a split injection with a functorial retraction r. If the connected components of X and Y are strongly 
hyperbolic Artin neighbourhoods over their respective fields of constants, it is a bijection. 

Proof. Since isomorphisms in Ho(pro-ss) respect connected components, we can assume that A and Y 
are connected. Let K and L be the fields of constants of A and Y, respectively. 

For 7 G IsomHo(pro-ss)^fcet(Aet; Aet), Theorem 7.1 yields an isomorphism / = r( 7 ) : X ^ Y. Let as 
above /c : Spec(A) —)■ Spec(L) be the induced isomorphism. It remains to show that fc is fc-linear. 

The proof of Theorem 7.1 first constructs an isomorphism 7c : Aet —> Let in Ho(pro-ss) compatible with 
7, and such that 7c = fc,et- We choose an algebraic closure k of k and a geometric point x : Spec(fc) —>■ A. 
Let y = f{x) and denote the induced geometric points of x* : K ^ k and y* : L ^ k hy x and y as well. 
We denote the given inclusions hy i^ ■ k ^ K and i]^ : k ^ L. Because any two algebraic closures of k are 
A:-isomorphic, we can further choose an isomorphism pp that makes the following diagram commutative: 

k L > k 

I 

k K 1. 

Let 5 : (Spec(fc),a:) -G (Spec(fc),y) be the pointed scheme morphism induced by ip. Furthermore, 
by Theorem A.10 we may choose an isomorphism 70 G IsomHo(pro-ss,) ((Aet, ^et), (Aet, yet)) lifting 7 . 
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Consider the diagram of pro-finite groups 


'^1(70) ^ qi 


Trl\X,x) 




Tri{Ket,Xet) """ > 7ri(Let,2/et) 


TTi { ket , Xet ) ^ TTi (feet, 2/et) ■ 


Note that fc^et considered as a pointed map {Ket,x) —)■ (Let,y) lifts 7 c. Therefore the top square 
commutes up to conjugation, and after replacing 70 by another lift 7 q of 7 , it commutes. 

Since 7 : Xet —>■ commutes with the projections to feet in Ho(pro-ss), the big square commutes up 
to conjugation by an element g € 7ri(fcet) j/et). After replacing ip by ipg, it commutes. Since the upper 
vertical maps are surjections, then also the lower square commutes. 

The induced commutative diagram on Galois cohomology with coefficients in /i„ is by Kummer theory 


k^/n = ^ ^ L^/r 


id 


k^ /n = —s- }l^{K,fj,n) = /n. 


We obtain the congruences 

/*(«) = a mod 

for every a £ k^ and any natural number n. Since finitely generated extension fields of Q do not contain 
nontrivial divisible elements, we conclude that /* restricts to the identity on fc as claimed. □ 

Appendix: Geometry in pro-spaces 

This appendix deals with various aspects of pro-spaces, in particular, the existence of classifying 
spaces of pro-groups, the relation between pointed and unpointed homotopy equivalences and the theory 
of covering spaces. The authors thank J. Schmidt for helpful discussions on the subject. 

We will make frequent use of the fact (see [EH76], 2.1.6) that, by re-indexing, every object in a pro¬ 
category pro-^ is isomorphic to a pro-object whose index category / is a cofinite directed set (cofinite 
means that for any i £ I there are only finitely many j £ I with j < i). 

We refer to [IsOl] for the definition of the simplicial model structure on the category pro-ss of pro¬ 
spaces. The simplicial function complex is given by 

Map(A,y)„ = Hompro_ss(A x A[n],F). 

All objects X of pro-ss are cofibrant. If T is fibrant, then (cf. [Hi03] Prop. 9.5.24) HomHo(pro-ss) (A, T) is 
given as the set of equivalence classes of elements of Hompro_ss(A, Y) modulo strict simplicial homotopy, 
i.e., deformations along the (constant) 1-simplex A[l]. 

A.l. Coverings of pro-spaces. Recall (cf. [GZ67]) that a morphism of simplicial sets p : T —)■ A is 
called a covering if any commutative diagram 

A[0] —^ Y 

i ft"" P 

A X 

of solid arrows u,v,i,p can be completed by a unique dotted arrow s. Goverings have the unique lifting 
property with respect to all horns A[n, fc] —> A[n], hence for all trivial cofibrations. In particular, they 
are fibrations in ss. A covering Y —>■ X with Y and X connected is called Galois covering with group 
G{Y/X) = Autx(T) if the natural map from the quotient of Y by the action of Autx(P) to X is an 
isomorphism. 
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If (X, x) is a pointed, connected simplicial set, then there exists the universal covering simplicial set 
{X,x) —>■ (X, x). Its geometric realization is the universal covering space of the geometric realization of 
(X, x); see [GZ67], Appendix I, §3. 

Definition A.l. A morphism Y X in pro-ss is a covering if it is isomorphic to a level-wise covering. 
If Y and X are connected, Y ^ X is ealled a Galois covering if it is isomorphic to a level-wise Galois 
eovering. 

Let (X, x) be a pointed, connected pro-simplicial set. The inverse system of the pointed universal 
coverings of the different levels defines the pointed universal covering (X,x) of (X, x). The covering 
X —X is Galois and the fundamental group 7ri(X, x) is naturally isomorphic to the group G(X/X). 

We denote the full subcategory of Ho(pro-ss) containing all connected pro-spaces by 

Ho(pro-ss*)c. 

For a connected pointed pro-space (X, x) and a sub pro-group U C 7ri(X, x), the pointed pro-covering 
of (X, x) associated with U 

(X,x)c/^(X,x) 

is well defined up to natural isomorphism in Ho(pro-ss.„)c. This follows from the following proposition 
which is proved in an analogous way as [AM69], §2, (2.7), (2.8). 

Proposition A.2. Let (X, x) € Ho(pro-ss^)c and let U ^ 7ri(X, x) be a monomorphism of pro-groups. 
Then there is an {X,x)u in Ho(pro-ss^)c together with a morphism h : {X,x)u —> (X, x) eharaeterized 
by the property that for eaeh eonnected (IT, w) we have a bijeetion 

[{W,w), (X,x)(7]pro-ss. ^ {/ e [{w,w), (X,x)]pro-ss. i 7ri(/) faetors through U} 

sending f : (IT, rc) —>■ {X,x)u to f = hf. 

In the unpointed case, the situation is more involved. We start with the following observations. 
Lemma A.3. If f : Y ^ X is a weak equivalence of connected pro-spaces, then the pull-back 

(X' ^ X) hA (X' XxY ^Y) 

induces an equivalence between the categories of connected coverings of X and of Y. 

Proof. This follows straightforward from the definition of weak equivalences in pro-ss and standard cov¬ 
ering theory in ss. □ 

By definition, coverings in pro-ss have the unique lifting property with respect to level-maps which 
are level-wise trivial cofibrations. 


Lemma A.4. Coverings are fibrations in pro-ss. 

Proof. Let J be a cofinite directed index set and (T)/ —>■ (X^)/ a level-wise covering. For any t G I, the 
uniqueness in the defining lifting property of a covering shows that 

T y Xt lim Tg 

^ s<t 

is a covering, hence a fibration and a co-1-equivalence (in the sense of [IsOl] Def. 3.1) in ss. We conclude 
that Y —>■ X is a strong fibration in the sense of [IsOl] Def. 6.5, hence a fibration by [IsOl] Prop. 14.5. □ 

Since the model structure on pro-ss is proper (see [IsOl] Prop. 17.1 and the correction [Is04a] Rmk. 4.14), 
[Hi03] Lemma 13.3.2 yields the following. 

Lemma A.5. Let IT' -G- W be a fibration in pro-ss. Assume that f : X ^ W and g : T —>■ IT are maps 
in pro-ss and h : Y ^ X is a weak equivalence with g = fh. Then the natural map 

h X id : Y xw W ^ X xw W 

is a weak equivalenee. 


We will frequently use the fact that homotopy equivalences between pro-spaces over a common base 
can be base-changed along coverings of the base: 
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Proposition A. 6 . Let W, X, Y be pro-spaces and let f : X ^ W, g : Y ^ W be maps of pro-spaces. 
Assume that there exists 7 € IsomHo(pro-ss) (^1 such that = f in Ho(pro-ss). Let p : W W be a 
covering. 

Then there exists 7 ' € IsoinHo(pro-ss)Xiv W',Y Xyy W) such that the diagram 


X i -A XvF W' -^ W' 



7' 



Y < - 

Y XyyW' 

-^ W 


commutes in Ho(pro-ss). The construction can be made functorial in W with respect to morphisms of 
coverings of W in pro-ss. Ln particular, if W W is a Galois covering of connected pro-spaces, then, 
for all i > 0 and every abelian group A, the induced isomorphisms 

L{\Y xwW’,A) ff(A xwW’,A) 

are G{W'/W)-equivariant. 

Proof. By Lemmas A.3 and A.5, we can replace W and then X and Y by fibrant approximations. Hence 
we may assume that 7 : A —>■ H is a weak equivalence in pro-ss such that 37 = / in Ho(pro-ss), and that 
p : W W is a level-wise covering. 

We choose a homotopy F : A x A[l] —)■ W between / and gj and denote the vertices of A[l] by 0 
and 1. The outer square in the following diagram commutes because F restricts to / on A x {0}. 


(Ax^W') 

F' J 

(A x^ W’) x'a[1] --^ W. 


The unique lifting property of a covering induces a unique map F'. Hence the assignment 

(x, w') I—>■ (x, F'{x, w', 1)) 


defines a map 

ip:Xx{^W' —> X x^^W' 

which commutes in Ho(pro-ss) with the respective projections to W and is an isomorphism in pro-ss (the 
inverse homotopy to F gives the inverse to gL). Another application of Lemma A.5 shows that 

7 X jrf : A x^ W' — >Y xl^W' 

is a weak equivalence. We obtain the required weak equivalence as the composite 7 ' = (7 x id)(f. Indeed, 
7 ' is compatible with 7 , and pr^ri"/' = pr^^, in Ho(pro-ss) holds, because F' provides a homotopy. 

The construction is obviously functorial in W' and all other assertions follow immediately. □ 


A.2. Pointed versus unpointed. In this section we consider the question under which conditions 
two connected pointed pro-spaces which are isomorphic in the unpointed homotopy category are also 
isomorphic in the pointed homotopy category. In general, this is not true: there are examples of connected 
pro-spaces whose fundamental group depends on the base point. However we will show that the problem 
disappears under some finiteness assumptions. 


A.2.1. Some homological algebra of limits. For an abelian pro-group G, we have the derived inverse limit 
groups lim* G, i > 0. If G is non-abelian, we have the limit group limG = lim° G, and, following [BK72], 
XI, 6.5, the first derived inverse limit lim^G, which is a pointed set. If G is abelian, the Bousfield-Kan 
lim^ G carries the structure of an abelian group in a natural way and coincides with the usual lim^ G. 
For a pointed pro-space (A, x) and 0 < i j we thus can consider 

lim* 7 rj(A, x), 

which is a pointed set for i = j = 0 and i = j = 1, a group for i = 0, j = 1 and an abelian group in all 
other cases. We could not find the reference for the following. 
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Lemma A.7. Let G = he a pro-finite (resp. a pro-finite abelian) group. Then 

lim'* G = * 

for s = 1 (resp. for all s > 1). 

Proof. We may assume that the index category J is a cofinite directed set. We have a natural injection 
G ^ G*, where G* = {G*)i^i is the pro-group defined by 

g: = i[Gj 

j<i 

with the projection maps as transition maps. The cokernel G*(G is a pointed pro-finite set. We obtain 
an exact sequence of pointed sets, cf. [BK72] XI 6.5: 

* ^ limG ^ limG* ^ limGVG ^ lim^G ^ lim^G*. 

The pro-group G* is strongly Mittag-Leflier in the sense of [EH76] (4.8.3), because the natural maps 

G:=l[G,^l[G,=]imGl 

j<i j<i 

are surjective. Therefore we have lim^G* = * by [EH76] (4.8.5). Since G is pro-finite, the usual 
compactness argument shows that limG* —>■ limG*/G is surjective. We conclude that lim^G = *. 

If G is abelian, then so is G* and again by [EH76] (4.8.5), we have lim®G* = * for all s > 1. We 
obtain lim®G = lim®“^G*/G for s > 2 and the result follows by induction. □ 

A.2.2. Topological homotopy groups. Let (S'",s„) be the pointed constant pro-space given by the sim- 
plicial n-sphere. For a pointed pro-space {X,x) = {Xi,Xi)i^i, we put 

:= 7r„(holim(A,a:)) = HomHo(pro-ssj((5'”, s„), {X,x)) 

(see [IsOl] Prop. 8.2 for the second equality), and call these the topological homotopy groups of 
{X,x). We call {X,x) path-connected if 7rJ°P(A, x) = *. The projections {X,x) —>■ {Xi,Xi) induce a 
natural homomorphism 

7r*°P(A,x) -)► 7r„(A,x) 

from the constant group 7r‘°P(A, x) to the pro-group 7r„(A, x) for all n. 

Theorem A. 8. Let {X,x) be a pointed pro-space such that 7ro(A, x) = * and Tr„(X,x) is pro-finite for 
all n > 1. Then the natural homomorphism 

7r‘°P(A,x) —!■ lim7r„(A,x) 

is an isomorphism for all n > 0. 

Proof. We drop the base point x from the notation. By [BK72] XI, 5.2, holimA is the total space of 
some cosimplicial space 11*A, i.e. 

holimA = limTot”n*A, 

n 

where 

Tot"n*A = n ^* 0 , ^ ^ ^ WJ, 

and the differentials Tot"n*A —)■ Tot"“^n*A are defined in the usual manner. Associated with the 
tower of fibrations Tot" 11* A we have the Bousfield-Kan spectral sequence 

= 7r®7rjn*A ^ 'n'j-i holimA (0 < i < j) 

(tt* are the cohomotopy groups, see [BK72] X, §7.2 for the description of the if 2 -terms). By [BK72] XI, 
§7.1, we have 

7rVjn*A = limVjA (0 < i < j). 

Lemma A.7 implies Elf = 0 for 1 < i < _), hence the inverse systems {EP)r are constant and 

YiTaEf=Q (0<i<j). 

r 

By [BK72] IX, 5.1 (connectivity lemma), we conclude that holimA is connected and [BK72] IX, §5.4 
(complete convergence lemma) implies that lim7r„(A) = 7r„ holimA for all n > 1. □ 
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A.2.3. Monodromy action on pointed homotopy classes of maps. Let {0,1} be the constant pro-simplicial 
set consisting of two points. We consider the under category (0,1}{ pro-ss of pro-simplicial sets with two 
distinguished points together with its induced model structure, cf. [DS95], Rmk. 3.10. Let 

J=(A[1],0,1) 

be the simplicial unit interval considered as a constant pro-simplicial set with the two distinguished 
points 0 and 1. For {Y, j/q, Vi) S {0,1}{ pro-ss we define the set 

A°'^iY,yo,yi) = HomHo({o, 1 }; pro-ss)((A[l], 0,1), {Y,yo,yi)). 

For (A,a;o,a;i) in {0,1}{ pro-ss, consider the object {X^xq,Xi) A / of (0,1}{pro-ss obtained from the 
product A X J by collapsing {a:o} x / and {xi} x / to distinguished points. Then A A / is a cylinder 
object for A such that zq; *i : A —>■ A A / are cofibrations and the projection A A / —>■ A is a trivial 
fibration. Hence, if Y is fibrant, then 7r{°P(y, j/Qj 2/i) is the set of maps u : I ^ Y with u{0) = yo, 
u(l) = yi, modulo start and endpoint preserving homotopies. 

For another point ?/2 of Y, composition of paths induces a natural map 

■^T'^{Y,yi,y 2 ) X 7rfP(y,yo,2/i) —!■ 7r}°P(y,?/o,y2)- 

The simplicial 1-sphere is obtained by identifying the vertices of A[l]. Therefore the special case 
yo = 2/1 is consistent with the definition of the topological fundamental group: 

Th'^{Y,y,y) = T^T^{Y.y)- 

Let (A, a:) be a pointed pro-space and (y,2/o,2/i) G {0,1}{ pro-ss. Let e : A —)■ Z be a fibrant 
approximation and Zi = e( 2 /i), z = 1, 2. For a path u : I ^ Z from zq to zi and a map / : (A, x) —>■ (A, zq) 
we define a map u{f) : (A, xq) —>■ {Z, zi) by 

Hf)ix) = F{x, 1) 

where A : A x / —>■ Z is an extension 

(A,a:)V(/,0) 

Ax/-/ * 

which exists since Z is fibrant. Formally in the same way as in the classical case of well-pointed topological 
spaces (cf. [Wh78], Chapter III, §1) one shows 

Lemma A.9. The above constructions yields a well-defined composition 

T^T^{Y,yo,yi) X [(A,a;), (y,z/o)]pro-ss. —>■ [(^,a;), (byi)]pro-ss.- 

For another point z /2 of Y, the composition 

T^T'^{Y,yi,y 2 ) X 7r}°P(r,z/o,2/i) x [(A,a;), (y,j/o)]pro-ss. —^ [(A, a:), (A, z/ 2 )]pro-ss. 

is associative. In the special case z/o =2/i; obtain a natural Tr\°^(Y,y)-action on [(A, x), (A, ?/)]pro-ss.. 

Again, formally in the same way as in the classical case of well-pointed topological spaces (cf. [Wh78] 
Chap. Ill, §1) one obtains the following: 

Theorem A.10. Let (A, a;) and {Y,y) be pointed pro-spaces and assume that A is path-connected. Then 
the map induced by forgetting the base points induces a natural bijection of the orbit space 

([(A, a;), (A, z/)]p|.o_ss^)^top^.j^^^j t [A, A]pro-ss 

with the set of morphisms of X to Y in the unpointed homotopy category Ho(pro-ss). 

Corollary A.11. Let (A, a;) and {Y,y) be pointed connected pro-spaces, Assume that 

(a) A and A are isomorphic in Ho(pro-ss), 

(b) y) is pro-finite for all i > 1. 

Then (A, a:) and {Y,y) are isomorphic in the pointed homotopy category Ho(pro-ss*). 
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Proof. Let / : X —>■ F be an isomorphism in Ho(pro-ss). Theorem A .8 implies that 7 rg°^(y,y) is trivial, 
i.e., Y is path-connected. Hence, by Theorem A.10 there exists a morphism /* : {X,x) —)■ (T, y) in 
Ho(pro-ss*) over /. By the definition of the model structure on pro-ss*, /* is a isomorphism. □ 


For / e [(X, x), (X, y)]pro-ss. and a € the definition of the 7 rJ°P(X, y)-action implies that 


«(/) = aiidy) o /. 


( 8 ) 


By Lemma A. 9, the map 

7^i°’"(X,y) -t AutHo(pro-5s.) ((X,y)), a a(idy), 

is a group homomorphism. Hence, for any functor X on Ho(pro-ss^), there is an induced 7rJ°P(X, y)- 
action on J-{{Y,y)). In particular, 7 r*°*’(X, y) acts on the set of group homomorphisms ip : 7 r*°*’(X, a;) —)• 
by a{(p) = Trl°^{aiidy)) o ip. 


Lemma A.12. Let (X, cc) and {Y,y) be pointed connected pro-spaces. Then the TT\°^{Y,y)-action on 
Horn (7rj°^(X, a;), 7r*°*’(X, y)) is by composition with conjugation: for a € 7rJ°^(X, y) and ip : 7r5^°^(X, a:) —t 
7 r*°’’(X, y) we have 

a{T){l) = aip{-f)a~^. 

In particular, the set of {Y,y)-orbits is the set of outer homomorphisms: 


[Hom(7rfP(X,a;),7rfP(X,y))] = Horn™* (7r*°P(X, a;), 7r*°P(r, y)). 

\ / TT, 


Proof. By functoriality, we may assume that ip = id. We may assume that Y is fibrant and that 7 is 
represented by y : / —> X, y(0) = y = y(l) and a is represented by a : / —> X, a(0) = y = a(l). Then 
a{g) represents a{id){j) by ( 8 ). 

The definition of a{g) uses a map G : I x I ^ Y whose restriction to the boundaries is as follows: 


Q(g) 

a .. 


a 


9 


Hence the map G provides a homotopy between a(y) and aga □ 

A.2.4. Pointed versus unpointed in the relative case. In Theorem A. 10 we analysed the effect of forgetting 
the base point in Ho(pro-ss^). Now we turn our attention to the same problem in Ho(pro-ss,j) f {B,b). 

Theorem A.13. Let {B,b) be a pointed pro-space, and let {X,x) and {Y,y) be pointed pro-spaces over 
(B,b). Assume that X and B are path-connected and that 7 r*°P(X, y) —>■ 7 rJ°P(i?, 6 ) is surjective. 

(a) The map induced by forgetting the base points yields a surjection 

HomHo(pro- 5 s^ {(^j ) (X, y)) ^ HomHo(pro- 5 s)^i? X). 

In particular, if X and X are isomorphic in Ho(pro-ss) f B, then {X,x) and (Y,y) are isomorphic 
in Ho(pro-ss,„) f {B, b). 

(b) Let Sx C 7 r*°P(H, 6 ) be the stabilizer of the structure map {X,x) —>■ {B,b) in Ho(pro-ss^) and 

Ax,f C 7ri°P(X,y) 

the preimage of Sx under 7 r^°P(X, y) —>■ 7 r*°P(H, 6 ). 

Then Ax,y acts on HomHo(pro_ 55 j^(B f,)((X,a;), (X,y)) and the map forgetting the base points 
induces a natural bijection 

(HomHo{pro-ss^)^(B, 6 ) ((A, a:), (X, y))^^ ^ HomHo(pro-5s)^i3(A, X). 

Proof. We show (a) and (b) simultaneously. Let px and py be the given maps from (X, a;) and (X, y) 
to {B,b). For the moment, we consider {X,x) as an absolute object, forgetting about px. There is a 
disjoint union decomposition 

HomHo(pro-ssJ(B,h)((A,a:,p), {Y,y,py)), 

pe[(X,x),{B,b)] 

pro-ss^ 


[(X,a:),(X,y)]p,o-ss, 


(9) 
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where a morphism /g : (X, x) —>■ {Y, y) in Ho(pro-ss^) maps to itself, considered as a morphism over (i?, b) 
in the p = pv/g-component on the right hand side. We have a similar decomposition in the unpointed 
case 

pro-ss — K HomHo(pro-5s)((^,p), {Y,Py))- (10) 

pro-ss 

By Theorem A.10, we have a natural (T, y)-action on the left hand side of (9) whose orbits identify 
with the left hand side of (10). 

We first show surjectivity. Let / G HomHo(pro-ss)^B(A', T) be given, i.e., / lies in the px-component of 
(10). Let /g G [(X,x), (T, p)]pro-ss. be a pre-image of /. By definition, /g lies in the py/g-component of 
(9). Since pvfo and px agree as morphisms in Ho(pro-ss), Theorem A.10 provides a a G 7rJ°^(i?, b) with 
ct(pf/o) = Px in HomHo(pro-ss.)((A,a;), {B,b)). Let r G 7r)°P(y,p) be a pre-image of a. Then r(/g) lies 
in the px-component of (9). This shows surjectivity of 

H0mHo(pro-5s.);(B.b)((Aa;), {Y,y)) HomHo(pro-ss);B(Al^)- 
To finish the proof, note that /g and /g have the same image if and only if /g = T(/g) for some 
T G tt^°'^{Y,x), which moreover must map to Sx C 7r*°^(i3,&). 

Note that in (a), if / : A —)■ y is an isomorphism in Ho(pro-ss) j, B that lifts to a morphism 
/* : (A,a;) —>■ (A,y) in Ho(pro-ss*) j, {B,b), then by definition of the model structure on pro-ss*, the 
morphism /* is also an isomorphism. □ 


A.3. Eilenberg MacLane spaces in degree 1. In this part of the appendix, our main goal is Propo¬ 
sition A.16 which shows the existence of classifying spaces of pro-groups in Ho(pro-ss*). 


A.3.1. Pro-classifying spaces. For a (discrete) group G we consider the category with one object and 
automorphism group G and we denote the nerve of this category by BG. The space BG is connected 
and pointed by its unique 0-cell. As is well-known, we have 


Xn{BG) 


G, for n = 1, 
0, for n >2, 


( 11 ) 


hence, BG is a functorial model for a K{G, l)-space. If / : G' —)■ G is a surjective group homomorphism, 
then the induced map B{f) : BG' -G BG is a fibration in ss*, in particular, BG is fibrant for every 
group G. 

By functoriality, this construction extends to the pro-category: for a pro-group G, we obtain the con¬ 
nected pointed pro-space BG for which (11) holds in pro-groups. In contrast to the case of discrete groups 
however, the pro-space BG is not a fibrant object in pro-ss* in general. Nonetheless, Proposition A. 16 
below shows that BG represents the functor Hompro-group5(7ri(—), G) on the pointed homotopy category. 
In particular, any connected pointed pro-space (A, x) with tti (A, x) = G and 7r„ (A, x) = 0 for n > 2, is 
canonically isomorphic to BG in Ho(pro-ss*). 


A.3.2. A fibrant model. Our first goal is to construct a good fibrant replacement of BG. Let, for the 
moment G be discrete. Consider the category with one object for every element g G G and all objects 
uniquely isomorphic. We denote its nerve by EG. It comes along with a free right G-action by y G G 
permuting the objects h ^ hg. The functor that maps the isomorphism h ^ gh to the automorphism 
g induces a G-covering map EG -G BG. The space EG comes along with a natural pointing by the 
0-cell attached to the neutral element of G. Moreover, EG is contractible. Again, all constructions are 
functorial so that we obtain a contractible pointed pro-space EG associated to every pro-group G. For 
every i G I the projection EGi -G BGi is a Gycovering map. 

In the following we assume without loss of generality that all occurring index categories are cofinite 
directed sets. For a pro-group G consider the pro-group G* = {G*)i^i given by 

Gt = \{G, 

j<i 

with the obvious transition maps. We have a natural injection G ^ G* and consider the pointed 
pro-space 

B*G := EG*IG. 

Lemma A.14. B*G is fibrant in pro-ss*, and the natural map BG -G B*G is a weak equivalence. 
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Proof. For all i, the map BGi = EGi/Gi —>■ B""Gi = EG*/Gi is a weak equivalence in ss*, hence 
BG ^ B*G is a level-wise weak equivalence, in particular, a weak equivalence in pro-ss^. The pro-group 
G* has the property that 


]lGj = G* 

j<i 



is surjective, hence Xi : EG* —>■ E{\imj^iG*) = EG* is a fibration. In the commutative diagram 


EG* -^ \im EG* 

{B*G)i = EG*/Gi —^ limF;G*/G, = lim,<i(5*G),- 

i<t 

the vertical maps are surjective coverings, in particular fibrations. Hence also /i^ is a fibration. 

Furthermore, the spaces {B*G)i and \imj^i{B*G)j, admitting contractible coverings, have trivial 
homotopy groups in degrees greater or equal to two. Therefore B*G is strongly fibrant in the sense of 
[IsOl] Def. 6.5, hence fibrant in pro-ss by [IsOl] Prop. 14.5, and in particular also fibrant in pro-ss^. □ 


A.3.3. Morphisms to pro-classifying spaces. For a pro-group G, we are going to show that the functor 
Ho(pro-ss*) —(sets), (A, x) i—Hompro-group5(7ri(A, x),G) 
is represented by BG. The space BG has exactly one 0-cell on every level and the natural map 

G = BGi — >Tri{BG) = G (12) 

is the identity of G. This identification is used to define the bottom map in diagram (13) below. 
Lemma A.15. For pro-groups G and G' , all maps in the commutative diagram 

Hompro-groups(G', G) ^ > Hompro-ss. (.BG', HG) 


(13) 

Hompro-groups(G', G) ■<-HomHo(p|.o_5s^)(BG', BG). 


are isomorphisms. 

Proof. The diagram in the lemma commutes by its definition based on (12), in particular 

Homp,o-ss. (BG', BG) ^ Homp,o-groups(G', G) (14) 

is surjective. By induction on n and using the face maps 9o,i9„ : BG„ —> BG„_i, we see that an n- 
simplex in BG is uniquely determined by its edges, i.e., its faces of dimension 1 in BGi = G. Therefore 
a map (p : BG' —>■ BG is uniquely determined by pi : BGj —>■ BGi and hence the commutative diagram 

BG'^ = G' BGi = G 

I } 

7ri(BG') ^^^^7ri(BG) 

shows that (14) is also injective. It therefore remains to show that 

Homp,o-ss.(BG',BG) ^ HomHo(pro-ss.) (BG', BG) 
is surjective. This is obvious if BG is fibrant. Hence, 

7ri(-) : HomHo(pro- 5 s.)(BG',BG) ^ Horn 

pro-groups (G',G) 

is always split surjective and, moreover, an isomorphism if BG is fibrant. It remains to show that 7ri(—) 
is injective for arbitrary G. 

We again assume without loss of generality that all occurring index categories are cofinite directed 
sets. The map 
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of Lemma A.14 is a natural fibrant replacement. The same argument as for B*G in Lemma A.14 shows 
that BG* is fibrant in pro-ss^. Since B*G —)■ BG* is a level-wise covering map, the induced map 

Homp,o.ss. {BG', B*G) Homp,o.,3. {BG', BG*) 

is injective. Hence the left vertical map 7ri(—) in the commutative diagram 


Horn, 


pro-ss 


^{BG',B*G) - 


-^Homp,o_ss.(BG',BG*) 


H0mHo(pro-ss.)(SG',B*G) -> H0mHo(pro-ss,)(5G',HG*) 

't' 


HomHo(pro_ssj(i?G', BG) 


-^HomHo(pro-ss.)(i?G',HG*) 


HoiUpro -groups (G',G) - 

is injective. This completes the proof. 


Homn 


ps(G',G*). 


□ 


Proposition A.16. For a connected pointed pro-spaee {X,x) and a pro-group G, we have a funetorial 
isomorphism 

7ri(-) : HomHo(pro-ss,)((-^,a;),-BG) ^ Horn 

pro-groups (7ri(A,x),G). 

Proof. For an unpointed simplicial set X we denote by BBX the nerve of its fundamental groupoid HA. 
If X is a point of A, the category with one object and automorphism group 7ri(A, x) is naturally a full 
subcategory of HA. Hence we have an induced map of nerves i?7ri(A, x) —>■ BliX. Moreover, there is a 
natural map A —>■ BliX. 

The construction is funetorial and thus we can speak about HHA for a pro-simplicial set A. If x is a 
point of A, we obtain the natural map 

ix,x : B'Ki{X,x) — S> (HHA, x). 

If A is connected, the map ix,x is a weak equivalence in pro-ss*. Composing (A, x) —?► (HHA, x) with 
the inverse of ix,x defines a natural morphism 

pi^x ■ (X,x) —!• H7ri(A,x) 

in Ho(pro-ss*). In the special case of A = BG there is only one point. Then 

BG = Btti{BG, *) ^ {BUBG, *) 

is an isomorphism, and pi^bg ■ BG —>■ BG is the identity. 

Let / : (A, x) —>■ BG be a morphism in Ho(pro-ss*), and consider the induced map 

Bniif) : H7ri(A,x) —^ H(7ri(HG)) = BG. 

Since the morphism pi^x is natural, the diagram 

/ 


(A,x) 


^ BG 


Pl,X 


Pl.BG 


Btti 


(A,x) BG 


commutes, hence / = Bxilf) opi x and precomposition with pi^x yields a surjection 

Pl X ■ iii^^Ho(pro-ss*) (-^^1 ('^7 ^ iii^^Ho(pro-s5*) ( (^; ^) i■ 

Next we consider the commutative diagram 


Homjjo(pro-ss*) {Btti (a, x) , BG) 

pfx 

HomHo(pro-ss*) ((^j 






■> Homn 


s(7ri(A,x),G) 


Honipro -groups (7ri(A,x),G). 
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Since the map 7ri(—) in the top row is a bijection by Lemma A.15, the surjectivity of p\ shows that 
all maps in the diagram are bijective. □ 

Definition A.17. Let {X,x) be a pointed connected pro-space. We call the morphism 

{X,x) —)■ B'Ki{X,x) 

in Ho(pro-ss^) associated via Proposition A.16 with the identity of tti{X,x) the classifying morphism 
of {X,x). 

We say that {X,x) is of type K{tv, 1) if TTi{X,x) = 0 for all i>2. 

Corollary A.18. A pointed connected pro-space {X,x) is of type K{tt, 1) if and only if its classifying 
morphism is an isomorphism in Ho(pro-ss^). 

Proof. By [IsOl] Cor. 7.5, the classifying morphism (A, x) —>■ i?7ri(A, x) is an isomorphism if and only 
if it induces isomorphisms on 7r„ for all n > 1. By definition, the induced map on tti is the identity of 
7ri(A, x). Since the higher homotopy groups of Btti{X,x) vanish, the result follows. □ 
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